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ABSTRACT 
This thesis entitled "Accelerated Life Test Designs" is submitted to the 
Aligarh Muslim University, Aligarh, Lidia, to supplicate the degree of Doctor 
of Philosophy in Statistics. It embodies the research work carried out by me in 
the Department of Statistics and Operations Research, Aligarh Muslim 
University, Aligarh. 
Models and methods of accelerated life testing (ALTg) are useful when 
technical systems under test tend to have very long lifetimes. Under normal 
operating conditions, as systems usually last long, the corresponding life tests 
become very tim^rconsuming and expensive. In these cases, accelerated life 
tests (ALTs) can be applied to reduce the experimental time and hence the cost 
associated with experiment. In Accelerated life test (ALT) the failure times of 
component are accelerated by applying higher stress. This implies that the 
failure time is a function of stress factor. Higher stress may bring quicker 
failure but hopefully do not change the failure mechanisms of the component. 
By this process failures which under normal conditions would occur only after 
a long testing can be observed quicker and the size of data can be increased 
without a large cost and long time. Most of the ALT models have two 
assumptions, first a life distribution for a unit's behavior at a constant stress 
level, and second is an assumed relationship between the life characteristics 
and the stress factor which expresses the effect of changing factors like 
temperature, voltage, humidity on a product's failure time. Based on these 
assumptions, the life distribution under normal stress levels can be estimated. 
This thesis consists of different designs of ALTs such as Step Stress 
Accelerated Life Test (SSALT), Partially Accelerated Life Test (PALT) and 
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Constant Stress Accelerated Life Test (CSALT) using Geometric Process (GP). 
The method of maximum likelihood (ML) estimation is used to obtain the 
estimates of model parameters because it provides estimators that have both a 
reasonable intuitive basis and many desirable statistical properties. In order to 
obtain consistent estimators, the minimum variance principle of estimator is 
used. In order to get the asymptotic variance (AV) of the ML estimator, the 
Fisher information matrix is constructed. In particular, this thesis focused on 
the derivation of different ALT plans and designs for the lifetimes of units that 
are assumed to follow different life distributions at use stress with different 
types of censoring schemes. 
This thesis consists of six chapters. Chapter 1 is the usual introductory 
chapter. It provides a detailed introduction to ALT designs and their analysis. 
An overview of the available literature is also given in this chapter. 
In Chapter 2, a simple SSALT is applied to the Pareto distribution, with a 
scale parameter which is a log-linear function of the stress and a cumulative 
exposure (CE) model is assumed. ML estimates of parameters are obtained. 
The AV of desired ML estimates is then obtained by using the Fisher 
information matrix, and then by using this AV the asymptotic confidence 
intervals (CIs) of parameters are derived. An optimal plan for the stress change 
times which minimizes the AV of the ML estimate of the P"' percentile of the 
lifetime distribution at normal stress condition tpixg) is also discussed. A 
simulation study is also presented to demonstrate the performances of the 
estimates. 
In ALTg analysis, there are situations where life stress relationship is not 
known or cannot be assumed. In such situations, partially accelerated life tests 
(PALTs) are used. In PALT, test units are run at both use and accelerated 
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conditions. Constant stress partially accelerated life test (CSPALT) and step 
stress partially accelerated life test (SSPALT) are two commonly used methods 
in PALT analysis. In CSPALT products are tested at either normal use or 
accelerated condition only until the test is terminated. In SSPALT, a sample of 
test items is run at use condition and, if it does not fail for a specified time, then 
it is run at accelerated condition. 
Chapter 3 deals with a simple CSPALT plan for type-I censored data 
when the lifetimes of test item are assumed to follow inverted Weibull 
distribution. The ML estimates are obtained for the distribution parameter and 
acceleration factor (AF). Asymptotic variance and covariance matrix of the 
estimators is then obtained by using the Fisher information matrix. CIs for 
parameters and AF are also obtained. A simulation study is performed to 
illustrate the statistical properties of the parameters and the confidence bounds. 
ALTg, generally, deals with the log linear function between life and stress 
to obtain the estimates of original parameters of the life distribution. The log 
linear relationship between life and stress is just a simple re-parameterization 
of the original parameter and hard to use in mathematical calculations. 
Therefore, it is preferable from statistical point of view that we work with the 
original parameters instead of developing inferences for the parameters of the 
log-linear link function. In this situation, the use of GP may be a good 
alternative in ALTg to obtain the estimates of original parameters of life 
distribution directly. 
In Chapter 4, an attempt is made to obtain the ML estimates of the 
parameters directly. By assuming that the lifetimes under increasing stress 
levels form a GP, the ML estimates of the parameters of Pareto distribution in 
ALTg with complete, type-I and type-II censored data are obtained. The CIs for 
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parameters are also constructed by using the asymptotic properties of norma! 
distribution. The statistical properties of estimates and CIs are examined 
through a simulation study. 
Chapter 5 extends the use of GP in CSALTg for the case of Weibull 
distribution with type-I and type-II censored data. Here, we also assume that 
the lifetimes under increasing stress levels form a GP. The estimates of the 
parameters are obtained by using the ML method. In addition, asymptotic 
interval estimates of the parameters of the distribution using Fisher information 
matrix are also constructed. A Simulation study is used to illustrate the 
statistical properties of the parameters and the CIs. 
Finally, Chapter 6 is aimed at critically analyzing and evaluating the 
overall thesis briefly. In the light of the results obtained in the thesis prominent 
and invaluable conclusions are presented. Some relevant and pertinent 
suggestions are also given for the future research which is tantamount to 
provide a pathway for future researchers in the field of ALT. 
A comprehensive list of references is provided at the end of the thesis. 
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PREFACE 
Models and methods of accelerated life testing (ALTg) are useful when 
technical systems under test tend to have very long lifetimes. Under normal 
operating conditions, as systems usually last long, the corresponding life tests 
become very time-consuming and expensive, hi these cases, accelerated life 
tests (ALTs) can be applied to reduce the experimental time and hence the cost 
associated with experiment, hi Accelerated life test (ALT) the failure times of 
component are accelerated by applying higher stress. This implies that the 
failure time is a function of stress factor. Higher stress may bring quicker 
failure but hopefully do not change the failure mechanisms of the component. 
By this process failures which under normal conditions would occur only after 
a long testing can be observed quicker and the size of data can be increased 
without a large cost and long time. Most of the ALT models have two 
assumptions, first a life distribution for a unit's behavior at a constant stress 
level, and second is an assumed relationship between the life characteristics 
and the stress factor which expresses the effect of changing factors like 
temperature, voltage, humidity on a product's failure time. Based on these 
assumptions, the life distribution under normal stress levels can be estimated. 
This thesis consists of different designs of ALTs such as Step Stress 
Accelerated Life Test (SSALT), Partially Accelerated Life Test (PALT) and 
Constant Stress Accelerated Life Test (CSALT) using Geometric Process (GP). 
The method of maximum likelihood (ML) estimation is used to obtain the 
estimates of model parameters because it provides estimators that have both a 
reasonable intuitive basis and many desirable statistical properties. In order to 
obtain consistent estimators, the minimum variance principle of estimator is 
Preface 
used. In order to get the asymptotic variance (AV) of the ML estimator, the 
Fisher information matrix is constructed, hi particular, this thesis focused' on 
the derivation of different ALT plans and designs for the lifetimes of units that 
are assumed to follow different life distributions at use stress with different 
types of censoring schemes. 
This thesis consists of six chapters. Chapter 1 is the usual introductory 
chapter. It provides a detailed introduction to ALT designs and their analysis. 
An overview of the available literature is also given in this chapter. 
In Chapter 2, a simple SSALT is applied to the Pareto distribution, with a 
scale parameter which is a log-linear function of the stress and a cumulative 
exposure (CE) model is assumed. ML estimates of parameters are obtained. 
The AV of desired ML estimates is then obtained by using the Fisher 
information matrix, and then by using this AV the asymptotic confidence 
intervals (CIs) of parameters are derived. An optimal plan for the stress change 
times which minimizes the AV of the ML estimate of the P"" percentile of the 
lifetime distribution at normal stress condition tp{xQ) is also discussed. A 
simulation study is also presented to demonstrate the performances of the 
estimates. 
In ALTg analysis, there are situations where life stress relationship is not 
known or cannot be assumed. In such situations, partially accelerated life tests 
(PALTs) are used. In PALT, test units are run at both use and accelerated 
conditions. Constant stress partially accelerated life test (CSPALT) and step 
stress partially accelerated life test (SSPALT) are two commonly used methods 
in PALT analysis. In CSPALT products are tested at either normal use or 
accelerated condition only until the test is terminated. In SSPALT, a sample of 
Xll 
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test items is run at use condition and, if it does not fail for a specified time, then 
it is run at accelerated condition. 
Chapter 3 deals with a simple CSPALT plan for type-I censored data 
when the lifetimes of test item are assumed to follow inverted WeibuU 
distribution. The ML estimates are obtained for the distribution parameter and 
acceleration factor (AF). Asymptotic variance and covariance matrix of the 
estimators is then obtained by using the Fisher information matrix. CIs for 
parameters and AF are also obtained. A simulation study is performed to 
illustrate the statistical properties of the parameters and the confidence bounds. 
ALTg, generally, deals with the log linear function between life and stress 
to obtain the estimates of original parameters of the life distribution. The log 
linear relationship between life and stress is just a simple re-parameterization 
of the original parameter and hard to use in mathematical calculations. 
Therefore, it is preferable from statistical point of view that we work with the 
original parameters instead of developing inferences for the parameters of the 
log-linear link function. In this situation, the use of GP may be a good 
alternative in ALTg to obtain the estimates of original parameters of life 
distribution directly. 
In Chapter 4, an attempt is made to obtain the ML estimates of the 
parameters directly. By assuming that the lifetimes under increasing stress 
levels form a GP, the ML estimates of the parameters of Pareto distribution in 
ALTg with complete, type-I and type-II censored data are obtained. The CIs for 
parameters are also constructed by using the asymptotic properties of normal 
distribution. The statistical properties of estimates and CIs are examined 
through a simulation study. 
Chapter 5 extends the use of GP in CSALTg for the case of Weibull 
distribution with type-I and type-II censored data. Here, we also assume that 
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the lifetimes under increasing stress levels form a GP. The estimates of the 
parameters are obtained by using the ML method. In addition, asymptotic 
interval estimates of the parameters of the distribution using Fisher information 
matrix are also constructed. A Simulation study is used to illustrate the 
statistical properties of the parameters and the CIs. 
Finally, Chapter 6 is aimed at critically analyzing and evaluating the 
overall thesis briefly. In the light of the results obtained in the thesis prominent 
and invaluable conclusions are presented. Some relevant and pertinent 
suggestions are also given for the future research which is tantamount to 
provide a pathway for future researchers in the field of ALT. 
A comprehensive list of references is provided at the end of the thesis. 
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CHAPTER 1 
BASIC CONCEPTS AND LITERATURE REVIEW 
1.1 ACCELERATED LIFE TESTING 
In order to achieve customer's satisfaction, it is necessary that products 
not only work at the moment they are sold to a customer, but that these 
products are also able to meet with customer requirements for a certain period 
of time. This characteristic is also known as "product reliability". Due to the 
rapid improvement of the high technology, the products today become more 
and more reliable, and the products' life gets longer and longer. It might take a 
long time, such as several years, for a product to fail, which makes it difficult 
or even impossible to obtain the failure information under usage condition for 
such highly reliable products. In such complications, ALTs are used in 
manufacturing industries to assess or demonstrate component and subsystem 
reliability, to certify components, to detect failure modes so that they can be 
corrected, compare different manufacturers, and so forth. In ALTg the products 
are tested at higher-than usual levels of stress (e.g., temperature, voltage, 
humidity, vibration or pressure) to induce early failure. The life data collected 
from such ALTs is then analyzed and extrapolated to estimate the life 
characteristics under normal operating conditions. 
Generally, information from tests at high levels of one or more 
accelerating variables is extrapolated, through a physically reasonable 
statistical model, to obtain estimates of life at normal levels of the accelerating 
variable(s). Statisticians in manufacturing industries are often asked to become 
involved in planning or analyzing data from ALTs. At first glance, the statistics 
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of ALTg appears to involve little more than regression analysis, perhaps with a 
few complicating factors, such as censored data. The very nature of ALTs, 
however, always requires extrapolation in the accelerating variable(s) and often 
requires extrapolation in time. This implies critical importance of model 
choice. Relying on the common statistical practice of fitting curves to data can 
result in an inadequate model or even nonsense results. Statisticians working on 
ALTs programs need to be aware of general principles of ALTs modeling and 
current best practices. 
L2 TYPES OF ACCELERATED LIFE TESTING 
Due to the difficult practical and statistical issues involved in accelerating 
the life of a complicated product that can fail in different ways, it is useful to 
divide accelerated life tests into the following two categories that is 
(i) Qualitative Accelerated Life Tests 
(ii) Quantitative Accelerated Life Tests 
1.2.1 Qualitative Accelerated Life Tests 
Qualitative tests are tests which yield failure information or failure modes 
only. During product development, a small sample of prototype specimens is 
assigned to a single severe level of stress, to a number of stresses, or to a time-
varying stress (stress cycling, cold to hot, etc.) to identify the causes of failure. 
If the specimen survives, it passes the test. Otherwise, appropriate actions are 
taken to improve the product's design in order to eliminate the causes of 
failure. Qualitative ALTs are used primarily to reveal probable failure modes. 
However, if not designed properly, they may cause the product to fail due to 
modes that would have never been encountered in real life. A good qualitative 
test is one that quickly reveals those failure modes that will occur during the 
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life of the product under normal use conditions. In general, qualitative ALTs do 
not measure the life (or reliability) characteristics of the product under normal 
use conditions; however, they provide valuable information as to the types and 
level of stresses one may wish to employ during a later quantitative test. 
Qualitative ALTs are of following types 
i. Elephant Tests: An elephant test usually consists of a single severe level 
of a stress that is used to either reveal failure modes/mechanisms, give 
engineers faith that a product is reliable, or establish a pass/fail criterion, 
ii. Torture Tests: Torture tests are basically expending hard stresses such as 
heat or cold on a product to see how it performs, 
iii. Highly Accelerated Life Tests (HALT): HALT evaluation involves 
applying the following stimuli to products: temperature step stress, rapid 
temperature transitions, vibration, and a combination of these 
environments. The goal of the HALT is to break the product, find the 
weak components, and reinforce or improve the weak spots, 
iv. Highly Accelerated Stress Screen (HASS): HASS is an on-going 
screening test used to identify process and vendor problems during the 
production process. HASS differs from HALT in that it is a screening of 
the actual products being produced through manufacturing using a less 
stressful level of stimuli. 
In general, qualitative ALTs do not quantify the life characteristics of the 
product under normal use conditions; however they provide valuable 
information as to the types and levels of stresses one may wish to employ 
during a subsequent quantitative ALT. Such testing depends on qualitative 
engineering knowledge of the product and usually does not involve a physical-
statistical model. 
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1.2.2 Quantitative Accelerated Life Tests 
Quantitative ALTs consists of tests designed to quantify the life 
characteristics of the product, component or system under normal use 
conditions, and thereby provide reliability information. Reliability information 
can include the estimation of the probability of failure of the product under use 
conditions, mean life under use conditions, projected returns and warranty costs. 
It can also be used to assist in the performance of risk assessments, design 
comparisons, etc. Here, units are tested at higher-than-usual levels of stress to 
induce early failure. Data obtained from Quantitative ALTs are then analyzed 
based on models that relate the lifetime to stress. Finally, the results are 
extrapolated to estimate the life distribution at the normal use condition. 
Quantitative ALTg can take the following forms 
i. Usage Rate Acceleration: For products which do not operate continuously 
under normal conditions, if the test units are operated continuously, failures 
are encountered earlier than if the units were tested at normal usage. For 
example, a microwave oven operates for small periods of time every day. 
One can accelerate a test on microwave ovens by operating them more 
frequently until failure. The same could be said of washers. If we assume an 
average washer use of 6 hours a week, one could conceivably reduce the 
testing time by testing these washers continuously. Data obtained through 
usage acceleration can be analyzed with the same methods used to analyze 
regular times-to-failure data. The limitation of usage rate acceleration arises 
when products, such as computer servers and peripherals, maintain a very 
high or even continuous usage. In such cases, usage acceleration, even 
though desirable, is not a feasible alternative. In these cases the practitioner 
4 
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must Stimulate the product to fail, usually through the application of stresses. 
This method of ALTg is called overstress acceleration and is described next. 
ii. Overstress Acceleration: For products with very high or continuous usage, 
the ALTg practitioner must stimulate the product to fail in a life test. This is 
accomplished by applying stress(es) that exceed the stress(es) that a product 
will encounter under normal use conditions. The times-to-failure data 
obtained under these conditions are then used to extrapolate to use 
conditions. ALTs can be performed at high or low stress conditions in order 
to accelerate or stimulate the failure mechanisms. They can also be 
performed at a combination of these stresses. 
1.3 COMPLETE AND CENSORED LIFE DATA 
Failure data obtained from ALTs can be divided into two categories: 
complete or censored. Complete data consist of the exact failure time of test 
units, which means that the failure time of each sample unit is observed or 
known, hi many cases when life data are analyzed, all units in the sample may 
not fail. This type of data is called censored or incomplete data. Due to 
different types of censoring, censored data can be divided into time-censored 
(or type-I censored) data and failure-censored (or type-II censored) data. Time 
censored (or type-I censored) data is usually obtained when censoring time is 
fixed. Failure censored (or type-II censored) data is obtained when the test is 
terminated after a specified number of failures. 
1.4 STRESSES AND THEIR CLASSIFICATIONS 
In ALT stresses are those variations in testing conditions which are used 
to accelerate the failure modes under consideration but do not introduce failure 
modes that would never occur under use conditions. 
5 
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Normally, these stress levels will fall outside the product specification 
limits but inside the design limits. If these stresses or limits are unknown, 
qualitative tests should be performed in order to ascertain the appropriate stress 
and stress levels, hi addition to proper stress selection, the application of the 
stresses must be accomplished in some logical, controlled and quantifiable 
fashion. Accurate data on the stresses applied, as well as the observed behavior 
of the test specimens, must be maintained. Clearly, as the stress used in an ALT 
is become higher, the required test duration decreases. However, as the stress 
level increases away from the use conditions, the uncertainty in the 
extrapolation increases. CIs provide a measure of this uncertainty in 
extrapolation, hi real life, however, different types of loads can be considered 
when performing an ALT. Some of them can be classified as 
L4.1 Constant Stress 
In constant stress testing, each test unit is observed until it fails, keeping 
all the stress factors at constant levels. Examples of constant stress are 
temperature, voltage and current. 
1.4.2 Step Stress 
In step stress, a specimen is subjected to successively higher levels of 
stress. At first, it is subjected to a specified constant stress for a specified length 
of time. If it does not fail, it is subjected to a higher stress level for a specified 
time. The stress on a unit is increased step by step until it fails. Usually all 
specimens go through the same specific pattern of stress levels and test times. 
But sometimes different patterns are applied to different specimens. The 
increasing stress levels ensure that the failures occur quickly resuUing in data 
appropriate for statistical purposes. The problem with this process is that most 
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products run at constant stress in practice not in step stress. So tiie model must 
take properly into an account of the cumulative effect of exposure at successive 
stresses and it must provide an estimate of life under constant stress. In a step 
stress test, the failure models occur at high stress levels these may differ from 
normal stress conditions. Such a test yields no greater accuracy than a constant 
stress test of the same length. 
1.4.3 Progressive Stress 
Li this type of stress, a specimen undergoes a continuously increasing 
level of stress. These stress tests also have the same disadvantage as the step-
stress test. Moreover, it may be difficult to control the accuracy of the 
progressive stress. 
1.4.4 Cyclic Stress 
A cyclic stress test repeatedly loads a specimen with the same stress 
pattern. For many products, a cycle is sinusoidal. For others, the test cycle 
repeats but is not sinusoidal. For insulation tests, the stress level is the 
amplitude of the AC voltage. Therefore a single number characterizes the level. 
But in metal fatigue tests, two numbers characterize such sinusoidal loading. 
Thus, fatigue life can be regarded as a function of these two constant stress 
variables. In most cases, the frequency and length of a stress cycle are the same 
as in actual product use. But sometimes they are different and may be assumed 
to have negligible effect on the life time of the product and therefore they are 
disregarded. For many products, the frequency and length of a cycle affect the 
life time of the product, so they are included in the model as a stress variable. 
1.4.5 Random Stress 
In random stress testing, some products are used to undergo randomly 
changing levels of stress. For example, bridge and airplane structural 
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components undergo wind buffeting. Also environmental stress screening uses 
random vibration. So an accelerated test employs random stresses but at higher 
levels. 
Among all stresses, the constant stress method has been used widely and 
it is considered more important than other stress testing methods because most 
products are assumed to operate at a constant stress under normal use. It is far 
easier to run and quantify a constant stress test. Published and empirically 
verified models for data analysis exist. Extrapolation in constant stress test is 
more accurate than extrapolation from a time-dependent stress test. The 
relationship between the accelerating variable and life time are well developed 
in this case. Because this method requires long test times, step stress and 
progressive stress testing which require shorter test times, may be employed. 
However in progressive stress testing, it is difficult to maintain a constant rate 
of increase so that in this situation step stress testing method is easier to carry-
out. Actually, the relation between the accelerating variables and life time 
depends on the pattern of step or progressive testing. It requires a model forthe 
cumulative damage. Such models are more difficult than those for constant 
stress. 
1.5 SOME COMMONLY USED LIFE-STRESS RELATIONSHIPS 
The life stress relationships is a relation between life and stress variable 
that describes a characteristic point or a life characteristic of the distribution 
from one stress level to another can be classified as follows 
1.5.1 Arrhenius Model 
The Airhenius life-stress model is probably the most common life-stress 
relationship utilized in ALTg. It has been widely used when the stimulus or 
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acceleration variable (or stress) is thermal (i.e. temperature). It is derived from 
the AiThenius reaction rate equation proposed by the Swedish physical chemist 
Svandte An'henius in 1887. The Arrhenius life-stress model is formulated b\ 
assuming that life is proportional to the inverse reaction rate of the process, 
thus the Arrhenius life-stress relationship is given by 
r = A^ exp{-El{kT)} 
where, r is the speed of a certain chemical reaction, A^ is an unknown 
non-thermal constant. E is the activation energy of the reaction, usually in 
electron-volts, k is the Boltzmann's constant (8.1671x10"^ electron-volts pei 
Celsius degree) and T is the absolute temperature expressed in Kelvin grades. 
The Airhenius acceleration factor AF^ refers to the ratio of the nominal 
life between the use level T^ and a higher stress level r„ an given by 
T T 
1.5,2 Eyring Model 
An alternative to the Arrhenius relationship for temperature acceleration 
is the Eyring relationship based on quantum mechanics. However, the Eyring 
relationship is also often used for stress variables other than temperature, such 
as humidity. 
where, A and B are pai-aineters to be estimated and k is Boltzmann's constant. 
The Eyring acceleration factor AF,, is given by 
AFp =—^ = -^expi — 
T T 
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1.5.3 Inverse Power Law (IPL) 
The inverse power law is commonly used for non-theiTnal accelerated 
stress. The inverse power relationship between nominal life rof a product and 
a (positive) stress variable V is given by 
r (F ) -—-
where A and Xi are parameters to be estimated. Equivalent forms are 
T{V) = A 
yV J 
and r{F) = A 0 
where KQ is a specified (standard) level of stress. 
The acceleration factor^/) of the inverse power law is 
AF, 
f j r \ 
V , 
L5.4 The Exponential Relationship 
The exponential relationship is give by 
r = expO'o+ri5) 
where y^ and xi are unknown parameters to be estimated. 
1.5.5 The Exponential-Power Relationship 
The exponential-power relationship is 
r = exp(/o +Y]S^'^) 
where yQ,y\ and yj are unknown parameters to be estimated. 
1.5.6 The Polynomial Relationship 
The polynomial relationship is given by 
k 
where ;', are unknown parameters to be estimated. 
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1.5.7 Log-Linear Relationship 
A general relationship for nominal life r with two or more stress 
variables Sj = 1,2,...,y is the log-linear form 
where y^ and yj are unknown parameters to be estimated. 
L5,8 The Temperature-Humidity Relationship 
It is a variant of the Eyring relationship, has been proposed when 
temperature T and humidity U are the accelerated stresses in a test. The 
combination model is given by 
When temperature T and a second non-thennal variable V are the 
accelerated stresses of a test, then the Arrhenius and the inverse power law 
models can be combined to yield 
(BIT) 
t(T,V) = Aexp- yc 
L6 GENERAL STEPS FOR DESIGNING AN ALT 
A typical model for ALT consists of two parts. First is a class of life time 
distribution, which describes how the life of the tested items is distributed at 
each stress level and second is an acceleration model that describes how the life 
time is related to the stress level. The choice of model usually depends on 
engineering knowledge, failure mechanism and experience. 
In ALT data analysis, however, we face the challenge of determining the 
use level PDF from ALT data, rather than from times-to-failure data obtained 
11 
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under use conditions. To accomplish this, we must develop a method that 
allows us to extrapolate from data collected at accelerated conditions to arrive 
at an estimation of use level characteristics. Once an underlying distribution 
such as the Weibull, exponential or lognormal distribution has been obtained, 
all other desired reliability results can be easily determined, including 
Percentage failing under warranty. Risk assessment. Design comparison and 
Wear-out period. 
Before starting an ALT which is sometimes an expensive and difficult 
endeavor, it is advisable to have a plan that helps in accurately estimating 
reliability at operating conditions while minimizing test time and costs. A test 
plan should be used to decide on the appropriate stress levels that should be 
used and the amount of the test units that need to be allocated to the different 
stress levels. Different acceleration models and life distributions can be 
combined to build up a suitable model for analyzing the data from ALT. 
Following are some common test plans for ALTs 
L6.1 Plan for CSALT 
The most common stress loading is constant stress. When in use, most 
products run at constant stress, thus a constant-stress test mimics actual use of 
the product. 
The test procedure and assumption.s 
i. There arew (w>2) stress levels5,;/ = 1,2,...,w. 
ii. The numbers of specimens are tested at each stress level till all test items 
fail or test terminated due to some censoring scheme, 
iii. Observed life of specimeny(y = l,2,...,«) at stress level ;' is denoted hyX,j. 
iv. The failure time of a test unit follows a probability distribution at every 
stress level. 
12 
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V. Tlie lives at stress level are independently identically distributed, 
vi. There should be a known relationship between life and stress. 
1.6.2 Plan for SSALT 
Tests at constant stresses can run too long because there is usually a great 
scatter in failure times. Step-stress testing is intended to reduce test time and to 
assure that failures occur quickly. A step-stress test runs through a pattern of 
specified stresses, each for a specified time, until the specimen fails or the test 
is stopped when a certain censoring scheme has been reached. 
Assumptions and Test Procedure 
i. There two stress level jc, and Xj (JCJ >X,) 
ii. A random sample of n identical products is placed on test under initial 
stress level x, and run until timer, and then the stress is changed to x, 
and the test is continued until all products fail or a certain censoring 
scheme has been reached. 
iii. The lifetimes of the products at each stress level are i.i.d. according to a 
probability distribution. 
iv. There should be a known relationship between life and stress. 
v. A CE model holds, that is, the remaining life of test items depends only 
on the current cumulative fraction failed and current stress regardless of 
how the fraction accumulated. Moreover, if held at the current stress, 
items will fail according to the CDF of stress, but starting at the 
previously accumulated fraction failed; see for more detail Nelson [1]. 
According to CE model the CDF in SSALT is given by 
fF,(0 0</<r 
no=\ 
[F2{t-T + T') T<t<oo 
where the equivalent starting time r' is a solution of F,(r) = FjCr'). 
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1.6.3 Plan for progressive stress ALT 
In a progressive-stress test, the stress applied to a test unit is continuously 
increasing in time. A widely used progressive-stress test is the ramp-test where 
the stress is linearly increasing, hi particular, a ramp-test with two different 
linearly increasing stresses is a simple ramp-test. There should be at least two 
different stress rates in order to estimate the parameters of the life-stress 
relationship. 
Assumptions and test procedure of simple ramp-test 
i. There are the stress rates k^ and/:2 (^ i <A:2)and «, units (n, <n) randomly 
chosen among n are allocated to stress rate A:, and the remaining nj =«-«, 
units to stress rate A:, .The test is continued until all test units fail or a 
prescribed censoring scheme is achieved. 
ii. At any constant stress, the lifetimes of a unit follow a probability 
distribution. 
iii. For the effect of changing stress, the CE model holds. 
iv. The stress applied to test units is continuously increased with constant 
rate k^ {0Yk2) from zero. 
1.7 PARTIALLY ACCELERATED LIFE TESTS 
In ALT, there exists a mathematical model which specifies the 
relationship between lifetime and stress or may be assumed. However, there are 
some situations in which such models are not exist or very hard to assume. In 
such cases PALTs are better criterion to use. The PALTs consist of a variety of 
test methods for shortening the life of certain products or hastening the 
degradation of their performance. The stress can be applied in various ways but 
commonly used methods are CSPALT and SSPALT. 
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1.7.1 Plan for CSPALT 
In CSPALT each item runs either at normal use condition or at 
accelerated condition only. Accelerated test condition includes stress(s) in the 
form of temperature, voltage, pressure, vibration, cycling rate, humidity, etc. 
Assumptions and Test Procedure: 
i. Total n items are divided randomly into two samples of sizes «(l-r)and 
Mr respectively where r is sample proportion. First sample is allocated to 
normal use condition and other is allocated to accelerated conditions. 
ii. Each test item of every sample is run without changing the test condition 
until all unit fails or a censoring scheme reached. 
iii. At use condition the lifetimes of a test item follows a probability 
distribution. 
iv. The lifetime of a test item at accelerated condition is obtained by using 
X = P'^T where/? > 1, is an acceleration factor. 
V. The lifetimes 7;,/ = l,...,«(l-r) of items allocated to normal condition are 
i.i.d. random variables. 
vi. The lifetimes X ,^y = l,...,«r ,of items allocated to accelerated conditions 
are i.i.d. random variables, 
vii. The lifetimes T, and Xj are mutually independent. 
1.7.2 Plan for SSPALT 
hi step stress PALT. the test unit is first run at use condition, and if the 
unh does not fail by the end of the specified time r , the test is switched to a 
higher level and continued until the unit fails or the test is censored. Thus, the 
total lifetime 7 of the unit in step PALT is given as follows 
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\X for X<T 
\T + J3-\X-T) for X<T 
where Jf is the lifetime of an item at use condition, r is the stress change 
time and /? > 1 is the AF. Because the switching to the higher stress level can be 
regarded as tampering with the ordinary life test. Y is called a tampered 
random variable, r is called the tampering point and /?"' is called the 
tampering coefficient. Observed value of Y is called non-tampered observation 
if f<rotherwise, it is called a tampered observation. The above model is 
referred to as tampered random variable (TRV) model. Another approach in 
step PALT is tampered failure rate (TFR) model and defined as 
. JKx) for X<T 
h (x) = < 
[ah{x) for X>T 
1.8 ESTIMATION PROCEDURES 
Once a life distribution and a life-stress relationship have been selected, 
the distribution parameters that govern the life characteristics need to be 
determined. Various statistical methods have been applied to estimate the 
parameters and their confidence limits of an ALT model; two of them are 
generally used by researchers: graphical estimation and ML estimation. 
Graphical method is a simple and easy way to perform the estimation. It 
first estimates the parameters of the life distribution at each individual stress 
level, and then plots the life characteristic vs. stress on a paper that linearize the 
assumed life-stress relationship. The parameters of the life stress relationship 
are then estimated from the plot. Clearly, the graphical method treats the life 
distribution and the life-stress relationship separately. One of the drawbacks of 
this method is that in some problems, lots of the life data are censored; there is 
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even no failure occurs at lower stress levels. In such situations, the standard 
techniques of graphical estimation for the parameters cannot be used, since the 
values of the censored observations are not known. 
ML estimation method is a better approach for fitting models to censored 
data. Using the ML method, the life distribution and the life-stress relationship 
can be treated as one complete model that describes both. The life data that are 
observed to have an exact failure time and are censored to have a partially 
known value are included in the likelihood function. ML estimation has some 
good properties including the asymptotic normality. Since the ML method is 
straightforward, and applies to most theoretical models and censored data, 
researchers prefer to use it when fitting an ALT model. This thesis deals with 
ML method to estimate the model parameters. 
L9 LITERATURE REVIEW 
There is a lot of literature describing research that has been done on ALT 
data analyses and on ALT designs. For example; Nelson [2] provides an 
extensive and comprehensive source for background material, practical 
methodology, basic theory, and examples for accelerated testing. Viertl [3] 
provides a briefer and more technical overview of the available statistical 
methods for ALTs, with more focus than Nelson [2] on a large class of 
statistical methods that, for a variety of practical reasons, seem not to have 
been used widely in practice. These methods include nonparametric, semi-
parametric and Bayesian methods for ALT planning and analysis. Nelson [2] 
contains 431 references and Viertl [3] contains 208. Mann et al. [4] overview 
all available ALT methods at the time that book was written. See for more 
details; Davis [5], Kalbfleisch and Prentice [6], Cox and Oakes [7], Kececioglu 
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[8], Lawless [9], Meeker and Escobar [10], Meeker and Hahn [11], Nelson 
[12], ReliaSoft [13], Bagdonavicius and Nikulin [14]. 
The most common used method is CSALT in which stress is kept at a 
constant level of stress throughout the life of the test; that is, each unit is run at 
a constant stress level until the occurrence of failure or the observation is 
censored. Practically, most devices such as lamps, semiconductors, and 
microelectronics are run at a constant stress. Many authors have studied 
inference in CSALT; for example, see Lawless [15], McCool [16], Bai and 
Chung [17], Bugaighis [18], Watkins [19], Watkins and John [20], Abdel-
Ghaly et al. [21] and Fan and Yu [22]. Before launching a new product, the 
manufacturer is always faced with decisions regarding the optimum method to 
estimate the reliability of the product or the service. Moreover, a test plan 
needs to be developed to obtain appropriate and sufficient information in order 
to accurately estimate the reliability performance at operating conditions, 
significantly reduce test times and costs, and achieve other objectives. The 
appropriate criteria for choosing a test plan depend on the purpose of the 
experiment Meeker et al. [23]. Optimum CSALT plans were studied for 
different lifetime distributions based on different censoring scheme; for 
example. Nelson and Kielpinski [24] studied optimum ALT plans for normal 
and lognormal life distributions. Yang [25] proposed an optimal design of 4-
level CSALT plans considering different censoring times. Ding et al. [26] dealt 
with WeibuU distribution. Attia, et al. [27] obtained the optimal designs and 
statistical inference of ALTs under type-I are studied for CSALTs assuming 
that the lifetime at design stress has generalized logistic distribution. Ahmad et 
al. [28], Islam and Ahmad [29], Ahmad and Islam [30], Ahmad, et al. [31] and 
Ahmad [32] discuss the optimal CSALT designs under periodic inspections and 
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Type-I censoring. Chen et al. [33] discuss the optimal design of muhiple 
CSALT plan on non-rectangle test region. Al-Hussaini and Abdel-Hamid [34] 
consider the ALTs under finite mixture models. Huang [35] introduced the GP 
model for the analysis of CSALT with complete and censored exponential 
samples. Kamal et al. [36] extended the GP model for the analysis of CSALT 
with complete WeibuU failure data. Zhou et al. [37] considered the GP 
implementation of the CSALT model based on the progressive Type-I hybrid 
censored Rayleigh failure data. Kamal et al. [38, 39, 40] obtained ML estimates 
of Pareto parameters in CSALT with complete, type-I and type-II censored data 
respectively by using the GP model. Kamal [41, 42] examined the case of 
WeibuU distribution in CSALT using GP with type-I and type-II censored data 
respectively. 
In the literature for SSALT, DeGroot and Goel [43] introduced the TRV 
model and discussed optimal tests under a Bayesian framework. Sedyakin [44] 
proposed the CE model in SSALT which was generalized by Bagdonavicius 
[45] and Nelson [1]. Miller and Nelson [46] obtained the optimal time for stress 
change by assuming exponentially distributed life times. Bai et al. [47j 
extended the results of Miller and Nelson to the case of censoring. 
Bhattacharyya and Soejoeti [48] proposed the TFR model which assumes that 
the effect of changing stress level is to multiply the initial failure rate function 
by a factor subsequent to the changed time. This TFR model was generalized 
by Madi [49] from the simple step-stress model to the multiple step-stress case. 
Khamis and Higgins [50] and Kateri and Balakrishnan [51] discussed 
inferential methods for CE model under WeibuU distributed lifetimes. 
Alhadeed and Yang [52, 53] obtained the optimal design for the Khamis-
Higgins and lognormal simple step-stress models. Xiong [54], Xiong and 
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Milliken [55] discussed inference of the exponential lifetimes assuming that the 
mean life is a log linear function of the stress level. Even though the log-linear 
link function provides a simpler model, Watkins [56] argued that it is 
preferable to work with the original exponential parameters. Gouno and 
Balakrishnan [57] reviewed the development on SSALTs. Gouno et al. [58] 
presented inference for step-stress models under the exponential distribution in 
the case of a progressively type-I censored data. Balakrishnan and Han [59] 
obtained the optimal SSALT plan for progressively type-I censored data from 
exponential distribution. Xiong and Ji [60] proposed an analysis of SSALTs 
based on grouped and censored data. Xiong et al. [61] discussed simple SSALT 
with a random stress-change time. Balakrishnan [62] discussed exact inferential 
results for exponential SSALT models and some associated optimal ALT. Tang 
[63] reviewed multiple steps SSALTs. Balakrishnan et al. [64] discussed the 
simple SSALT model under type-II censoring for the exponential distribution. 
Balakrishnan et al. [65] presented exact inference for the simple SSALT model 
from the exponential distribution when there is time constraint on the duration 
of the experiment. Balakrishnan and Xie [66] discussed exact inference for a 
simple SSALT with type-II hybrid censored data from the exponential 
distribution. Al-Masri and Al-Haj Ebrahem [67] derived the optimum times of 
changing stress level for simple SSALT plan under a CE model assuming that 
the life time of a test unit follows a log-logistic distribution with known scale 
parameter by minimizing the AV of the ML estimator of the model parameters 
at the design stress with respect to the change time. Hassan and Al-Ghamdi 
[68] obtained the optimal times of changing stress level for SSALT under a CE 
model using the Lomax distribution. More recently, Zarrin et al. [69] consider 
simple SSALT plan for exponentiated Weibull distribution. Saxena et al. [70] 
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obtained Optimum SSALT plan for power function distribution. Saxena et al. 
[71] discuss the optimum SSALT procedure for Rayleigh distribution. Xu and 
Fei [72] compared the four basic models for SSALT i.e. CE model, linear CE 
model, TRV model, and TFR model. Kamal et al. [73] discussed design of 
simple SSALT for the case when lifetimes of test products follow a two 
parameter Pareto distribution. 
In a progressive stress ALT, the stress applied to a test unit is 
continuously increasing in time. An ALT with linearly increasing stress is a 
ramp test. In particular, a ramp test with two different linearly increasing 
stresses is called a simple ramp test and studied by many authors for example; 
Prot [74], Solomon et al. [75], Starr and Endicott [76]. See for more details; 
Yin and Sheng [77], Bai et al. [78], Bai and Chun [79], and Srivastava and 
Shukia [80] have all studied simple ramp-stress ALT tests where stress in the 
ramp test increases indefinitely in time. This approach is an impractical 
situation as too high a stress may cause failure modes other than that under 
consideration and the test unit might not be able to provide such a high stress. 
Hong et al. [81] proposed a new optimum ramp-stress test plan by using a new 
approach for computing approximate large-sample variances of ML estimates 
of a quantile of a general log-location-scale distribution with censoring, and 
time-varying stress. Bai et al. [82] proposed an optimum time censored single 
objective ramp test with a stress upper bound for Weibull life distribution. 
Wang and Fei [83] generalized the TFR model from the SSALT setting to the 
progressive stress ALT and ML estimation is investigated for the parametric 
setting where the scale parameter satisfying the equation of the inverse power 
law. Abdel-Hamid and AL-Hussaini [84] considered progressive stress ALTs 
when the lifetime of a product under use condition follows a finite mixture of 
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distributions. Srivastava and Jain [85] discuss optimum ramp ALT of m 
identical repairable systems using non-homogeneous power law process under 
failure truncated case. Most of the previous work on planning ALT has focused 
on a sole estimating objective, such as some specified 100 quantile lifetime, the 
reliability of a product over some specified period of time, and AF. It is 
impractical to estimate only one objective parameter after conducting such 
costly tests. Srivastava and Mittal [^6] deals with the formulation of optimum 
multi-objective ramp-stress accelerated life test plans with stress upper bounds 
for the Burr type-XII distribution under type-I censoring. Srivastava and Mittal 
[87] considers optimal design for ramp-stress accelerated life test with multiple 
stresses and multiple estimating objectives using Burr type-XII life distribution 
and type-I censoring. 
For CSPALT, a limited literature is available so far, for example, Bai & 
Chung [88] consider CSPALT to obtain ML estimates of the parameter of the 
exponential distribution and the acceleration factor under type-I censoring. 
Abdel-Ghaly et al. [89] presented the ML method to estimate the parameters of 
the Burr type-XII distribution with types-I and II censoring for a CSPALT 
model. Abdel-Hamid [90] also considered the MLE method to estimate the 
parameters of the Burr type-XII distribution with progressive type-II censoring 
for a CSPALT model. Ismail [91] obtained the ML estimates of the model 
parameters consider CSPALT with type-II censoring assuming that the lifetime 
at design stress has WeibuU distribution. Cheng and Wang [92] examined the 
performance of the ML estimates of the Burr type-XII parameters for 
CSPALTs under multiple censored data using two ML estimation methods. 
One method is based on observed-data likelihood function and the ML 
estimates are obtained by using the quasi-Newton algorithm and other method 
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is based on complete-data likelihood function and the ML estimates are derived 
by using the EM algorithm. More recently Zarrin et al. [93] obtained ML 
estimates for the distribution parameter and AF in CSPALT assuming Rayleigh 
distribution as the underlying lifetime distribution with type-1 censoring. Kamal 
et al. [94] considered CSPALT design with type-I censoring to obtain the ML 
estimates and CIs of parameters for inverted Weibull distribution. 
For designing SSPALT, a lot of amount of literature is available. For 
example, Goel [95] considered the estimation problem of the AF using both 
ML and Bayesian methods for items having exponential and uniform 
distributions. DeGroot and Goel [43] estimated the parameters of the 
exponential distribution and AF in SSPALT using Bayesian approach, with 
different loss functions. Also, Bhattacharyya and Soejoeti [48] estimated the 
parameters of the Weibull distribution and acceleration factor using ML 
method. Bai and Chung [88] estimated the scale parameter and AF for 
exponential distribution under type-I censored sample using ML method. Attia 
et al. [96] considered the ML method for estimating the AF and the parameters 
of Weibull distribution in SSPALT under type-I censoring. Abel-Ghaly et al. 
[97] used Bayesian approach for estimating the parameters of Weibull 
distribution parameters with known shape parameter under SSPALT with both 
type-I and type-II censored data. Abdel-Ghani [98] applied ML and Bayesian 
methods to estimate the parameters of Weibull distribution and the AF for both 
SSPALT and CSPALT under type-I and type-II censored data. Abdel-Ghaly et 
al. [99] studied the estimation problem of the AF and the parameters of Weibull 
distribution in SSPALT using ML method with type-I and type-II censoring. 
Abdel-Ghaly et al. [100, 101] studied both the estimation and optimal design 
problems for the Pareto distribution under SSPALT with type-I and type-II 
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censoring. Abdei-Ghani [102] considered the estimation problem of log-
logistic distribution parameters under SSPALT. Recently, Ismail [103] used 
ML and Bayesian methods for estimating the AF and the parameters of Pareto 
distribution of the second kind. Ismail [104] studied the estimation and optimal 
design problems for the Gompertz distribution in SSPALT with type-I censored 
data. Abd-Elfattah et al. [105] studied the estimation problem of the AF and the 
parameters of Burr type-XII distribution in SSPALT using ML method under 
type-I censoring. Ismail [106] considered SSALT model for the estimation of 
parameters of Weibull distribution based on hybrid censored data. Bakoban 
[107] obtained estimates for parameters of generalized inverted Exponential 
distribution in SSPALT using type-I Censoring. Ismail and Aly [108], 
Srivastava and Mittal [109] deal with the optimal designing of SSPALT for 
censored data. 
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CHAPTER 2 
STEP STRESS ACCELERATED LIFE TESTING PLAN FOR TWO 
PARAMETER PARETO DISTRIBUTION 
2.1 INTRODUCTION 
In SSALT, all items are first subjected to a specified constant stress for a 
specified period of time and items that do not fail will be subjected to a higher 
level of stress for another specified time and the level of stress is increased step 
by step until all items have failed or the test stops for other reasons. Simple 
SSALT where only one change of stress occurs has been widely studied and 
referred as the CE model. 
In this chapter the two-parameter Pareto distribution as a lifetime model 
under simple SSALT is considered. ML estimates of parameters and their 
asymptotic CIs are obtained. An optimal plan for the stress change times is also 
discussed. The performance of the estimates is evaluated by a simulation study 
with different pre-fixed values of parameters. 
2.2 THE MODEL 
2.2.1 The Pareto Distribution 
The concept of this distribution was first introduced by Pareto [110] in his 
well known economics text "Cours d'Economie Politique". 
The two parameter forms of Pareto PDF, CDF, RF and HR with shape 
parameter a and scale parameter e given respectively by 
{e + tf f{t;6,a)= ^^ •, t>Q,0>Q,a>d (2.1) 
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F(t)=.]--J-— , t>0,O>0,a>0 (2.2) 
{e+tf 
«(0 = 5 ^ (2.4) 
The HR is a decreasing function as / > o, an increasing function as / < 0 and 
constant as t = 0. 
2.2.2 Assumptions and Test Procedure 
i. There are two stress levelsx, andx2 (x, <X2). 
ii. The failure times of a test unit follows a two-parameter Pareto distribution 
at every stress level. 
iii. A random sample of n identical products is placed on test under initial 
stress level x^ and run until timer, and then the stress is changed to x^  
and the test is continued until all products fail. 
iv. The lifetimes of the products at each stress level are i.i.d. 
v. The scale parameter is a log-linear function of stress. That is, 
log^(x,) = a + *x,,/ = 1,2 where A and b are unknown parameters depending 
on the nature of the product and the test method. 
vi. The Pareto shape parameter a is constant, i.e. independent of stress. 
vii. A cumulative exposure model holds, that is, the remaining life of test 
items depends only on the current cumulative fraction failed and current 
stress regardless of how the fraction accumulated. Moreover, if held at the 
current stress, items will fail according to the CDF of stress, but starting 
at the previously accumulated fraction failed. According to CE model the 
CDF in SSALT are given by 
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F{t) F^iO 0<t<T 
F j O - r + r ') r < / < o o 
where f, is obtained by solving F|(r) = F2(r') for r' that is r'=((92 /6',) r 
Now using the value of r' the corresponding CDF and PDF for the simple 
SSALT model is given by 
Fit) = \ 
no-
flit), 
F2 
[0, 
[/i(0, 
/ 2 
[0, 
T + r-
r + t-
- r 
J 
-T 
J 
0<t <r 
T<t <Q0 
0<t<T 
T<t <'X 
(2.5) 
(2.6) 
From the assumptions of CE model and the equation (2.2), the CDF of a 
test product failing according to Pareto distribution under simple SSALT is 
given by 
(^,+0" 
nt)=\ 0? 
0<t <T 
r <t <co 
(2.7) 
+ T 
On 
+ t 
The PDF corresponding to (2.6) becomes 
/(0 = 
aO^ 
{9,+t) cr+l 
ae? 
e-y+r 
\^\ J 
+ t 
a+\ 
0<t<T 
T <t <CO 
(2.8) 
Now we have two objectives for pre-fixed sample size and the testing 
stress levels, the first is estimating the parameters a, band a in a SSALT and 
second is to obtain the optimal stress changing time r which minimizes the AV 
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of the ML estimate of the p"" percentile of the Hfetime distribution at normal 
stress condition/p(xo). 
2.3 ESTIMATION OF MODEL PARAMETERS 
2.3.1 Point Estimates 
ML method of estimation is used to estimate the model parameters 
because it is very robust and gives the estimates of parameter with good 
statistical properties. However, ML estimation method is very simple for one 
parameter distributions but its implementation in ALT is mathematically more 
intense and, generally, estimates of parameters do not exist in closed form, 
therefore, numerical techniques such as Newton-Raphson method, some 
computer programs are used to compute them. 
Now to obtain the ML estimates of parameters, let t,j, y = 1,2, • • • w,, / = 1,2 be 
the observed failure times of j"" test unit at /"" stress level. Suppose that «, is 
the number of units failed at the low stress x, and n^ is the number of units 
failed at higher stress level X2. Therefore, the likelihood function for two-
parameter Pareto distribution for simple step stress pattern can be written in the 
following form 
1(^ ,^ 2 >«)=n aO^ 
e, +T\ + t 
1^ ; 
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(2.9) 
The log-likelihood function corresponding to equation (2.9) can be written as 
• 'J 
log02-(« + l)Xlog(^i+'iy) 
7=1 
"2 
-(a + l)£log|^2+^ 
7=1 
+ t 27 
(2.10) 
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where « = w, + «, • 
Now by using the relation log6'(x) = a + Z)x,, / = i ,2 for the scale parameter e. 
in (2.10), the likelihood function becomes 
7=1 
(2.i i : 
"2 
- ( a + l)^log e"^^'^ + T 
a+bx2 \ 
a+bx] • ^ 
-;; 
Differentiating (2.11) partially with respect to a,banda, we get 
da 
"I ga+*-q 
: n a - ( a + l)V' (2.12) 
5/ 3 , ^."^bx, 
— = n,x,a + n-fXja -{a + ])> 
dh fa] }:t[^"^''^'+/u] 
(2.13) 
"2 „ pO^bxx , _ ^b(xi-xx) 
- ( a +1) V 2 ^^v^2 ^ i )e 
| L = ZL + „| (^ + ^^-) + ^2 (a + Z,X2) - X log[e''^*^' + /,, ] 
da a , 
7 = 1 
-f;iog[e''^*^2+^(g*U2-,)_l)^,^^j 
y=i 
From (2.14) the ML estimate of a is given by the following equation: 
(2.14) 
a = • 
i//^ +IJ/2 -«i(a + bx^)-«2(^ + ^•'^z) 
(2.15) 
where, 
^^,=X'og[<^"*''+'i>]and 
"1 I 
7=1 
"2 
7 = 1 
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By substituting for a into (2.12) and (2.13), the system equations are 
reduced into the following two non-linear equations; 
d! t? 
da (//, + (//2 - « | ( a + bx\)-rij{a + hx2) 
if/\+i^2- "\ (« + *^i) - «2 (« + bx2) J p ' [e"^'"'^ + t^j ] -E; 
,a+bx] 
(2.16) 
^1 + ^ 2 "" "l ('^ + -^"^ l ) - "2 (^ + ^^2 ) 
+ 1 
^ e_^ 
dl_ 
db I//, + I//2 - «i (a + Z)X| ) - «2 (<3 + i-^2 ) j(n,X, + « 2 ^ 2 ) 
V^ i + ^ 2 ~ "l (^ + ^.^1) - «2 ('^ + '^'^ 2 ) 
+ 1 'y_^il!!!l 
/ Pt[^'''''^'+^,;] 
(2.17) 
\l/\ +11/2 -n\{a + bx\)-«2i^ + ^^2) 
+ ] ^•Y2g°"'^2+r(X2-X|)g' '^-^-^" 
Since (2.16) and (2.17) are non linear equations, their solutions are 
numerically obtained by using Newton Raphson method. They are solved 
simultaneously to obtain a andZ?. Then by substitution in (2.15) an estimate of 
a is easily obtained. 
2.3.2 Interval Estimates 
According to large sample theory, the ML estimators, under some 
appropriate regularity conditions, are consistent and normally distributed. Since 
ML estimates of parameters are not in closed form, therefore, it is impossible to 
obtain the exact confidence intervals, so asymptotic confidence intervals based 
on the asymptotic normal distribution of ML estimators instead of exact 
confidence intervals are obtained here. 
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The Fisher-information matrix composed of the negative second partial 
derivatives of log likelihood function can be written as 
d'l 
da' 
d'l 
dbda 
d-l 
d'l 
dadb 
d'l 
db' 
d'l 
d'l 
dada 
d'l 
dbda 
dH 
F = 
dada dadb da' 
The elements of information matrix F are: 
d^ 
da^ 
dH_ 
da" 
n 
1 
a" 
-(«+i)i; ^[e''^*"! ^t^,Y 
+hx\ _ 2(fl+tai) 
V''^h,f 
dH_ 
db' 
- ( « + ] )> 7 ~-
y=i [e"^'''^ +T{e''^'^-'^^~\) + tyf 
d'l d'l . ..x^U^i^"''-"')'!,] 
dadb dbda 
= -(« + l)T-
a+*jr] 
5^/ 5^/ • • 1 
-I: 
7=1 
^o+Ajri 
[g"+6^2 +^(eM^2-^ l )_ , ) + ^^ ,^]2 
"2 
• I ; 
^a+AJT) 
aaSa aoSa ; ^ [e '^^ *-! + ^ ,^ . ] ^ [e-+*-2 + 2-(e*(-2--i * -1) + ^ 2^ . ] 
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d^l d^l 
=^);^="'^|^''2^2-S ^ x,e''^*^i -E 
2 . V , . - - * - 2 + ^ ( ; , ^ _ ; , j ) ^ * U 2 - l ) X2e 
d'l 
da' 
d'l 
dbda 
d'l 
d'l 
dadb 
d'l 
db' 
d'l 
dada 
d'l 
dbda 
dadb dbda ' • — ^ j ^ . + 6 x , ^^^^-] ^j^a+6,v2_^^^^6(X2-. , )_])^^^^.] 
The asymptotic variance-covariance matrix of a, 6 and d is obtained by 
inverting the Fisher-information matrix that is 
^i   ' ' ' 
' dada 
/^2/ p2/ p2/ 
dada dadb c)a' 
AVar(a) ACov(ab) ACov(ad) 
ACoviba) AVar(h) ACov(bd) 
ACov(da) ACov(db) AVar(d) 
Now, the two-sided approximate 100/1% confidence limits for population 
parameters a,^and d can be constructed as 
[a±Z,_^AVaria)\ 
h ± Z^ yJA Var{b) 
and 
[d±Z;^^AVar{d) 
2.4 O P T I M A L T E S T PLAN F O R SSALT 
The optimum criterion here is to find the optimum stress change time r. 
Since the accuracy of ML method is measured by the asymptotic variance of 
the MLE of the 100 Z'"' percentile of the lifetime distribution at normal stress 
condition f^(xo), therefore the optimum value of the stress change time will the 
value which minimizes the AV of the MLE ofr^(xo). 
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The 100?''' percentile of a distribution F() is the age t^ by which a 
proportion of population fails, Nelson [2]. It is a solution of the equation 
P = F{tp), therefore the lOOp"' percentile for Pareto distribution is 
(1-/>)>'« 
The 100 P"" percentile for Pareto distribution at use condition is 
Now the AV of MLE of the lOOP"" percentile at normal operating conditions is 
given by 
AVar{tp{xQ)) = 
dt JXQ) dt JXQ) dtAXQ) Stpixp) dtpixp) afp(xo) 
da ' db ' da da db da 
The optimum stress change time r will be the value which minimizes 
AVaritpixo)). 
2.5 SIMULATION STUDY 
To evaluate the performance of the method of inference described in this 
chapter, a simulation study is performed in which several data sets with sample 
sizes «=100,200,...,500 are generated from two-parameter Pareto distribution. 
The values for true parameters are chosen to be a = 0.5,6 = 0.2,or = 1.5 
Combinations for stress variable are taken to be (x,,x2) = (2,4),(3,5) . The 
estimates and the corresponding summary statistics are obtained by the present 
SSALT model. For different given samples and stresses combinations, the ML 
estimates , AV, the asymptotic SEs, the MSEs and the coverage rate of the 95% 
CIs for model parameters are obtained. The results obtained here are based on 
1000 simulation replications and summarized in Table-2.1 and 2.2. 
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Table 2.1: Simulation study results based on SSALT for Pareto distribution 
with a = 0.5,/) = 0.2,a = 1.5and (x,,X2) = (2,4) 
Sample 
Size« 
100 
200 
300 
400 
500 
Parameter 
a 
b 
a 
a 
b 
a 
a 
b 
a 
a 
b 
a 
a 
b 
a 
MLE 
0.51069 
0.20353 
1.52507 
0.50734 
0.20098 
1.50620 
0.50339 
0.20132 
1.50997 
0.50258 
0.20096 
1.50735 
0.50323 
0.20059 
1.50444 
Variance 
0.01349 
0.00084 
0.04789 
0.00614 
0.00038 
0.02194 
0.00425 
0.00027 
0.01561 
0.00302 
0.00019 
0.01095 
0.00239 
0.00015 
0.00895 
SE 
0.01368 
0.00083 
0.04737 
0.00653 
0.00040 
0.02290 
0.00428 
0.00027 
0.01527 
0.00318 
0.00020 
0.01141 
0.00255 
0.00016 
0.00908 
MSE 
0.01360 
0.00085 
0.04851 
0.00619 
0.00038 
0.02198 
0.00426 
0.00027 
0.01571 
0.00303 
0.00019 
0.01100 
0.00241 
0.00015 
0.00897 
95% 
Asymptotic 
CI 
Coverage 
0.94282 
0.95030 
0.94984 
0.95866 
0.95766 
0.95595 
0.94789 
0.95075 
0.95090 
0.95290 
0.96192 
0.96200 
0.95795 
0.95595 
0.95595 
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Table 2.2: Simulation study results based on SSALT for Pareto distribution 
with a = 0.5,5 = 0.2,Qr = ].5and (x^,X2) = (3,5) 
Sample 
Size/i 
100 
200 
300 
400 
500 
Parameter 
a 
b 
a 
a 
h 
a 
a 
b 
a 
a 
b 
a 
a 
b 
a 
MLE 
0.51740 
0.20057 
1.50444 
0.50652 
0.20171 
1.51273 
0.50692 
0.20072 
1.50522 
0.50487 
0.20067 
1.50506 
0.50257 
0.20084 
1.50453 
Variance 
0.01333 
0.00040 
0.02299 
0.00793 
0.00027 
0.01582 
0.00578 
0.00020 
0.01152 
0.00443 
0.00015 
0.00872 
0.00279 
0.00011 
0.00555 
SE 
0.01404 
0.00040 
0.02258 
0.00888 
0.00027 
0.01521 
0.00633 
0.00020 
0.01133 
0.00501 
0.00015 
0.00900 
0.00298 
0.00011 
0.00568 
MSE 
0.01363 
0.00040 
0.02301 
0.00797 
0.00028 
0.01598 
0.00583 
0.00020 
0.01155 
0.00446 
0.00015 
0.00874 
0.00279 
0.00011 
0.00557 
95% 
Asymptotic 
CI 
Coverage 
0.94964 „ 
0.95066 
0.95159 
0.94478 
0.94979 
0.94887 
0.95030 
0.94726 
0.94736 
0.96146 
0.95740 
0.95740 
0.95595 
0.95682 
0.95095 
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From results in Table 2.1 and 2.2, it is observed that a, A and a estimates 
the true parameters a,b and a quite well respectively with relatively small 
MSEs. The estimated SE also approximates well the sample standard deviation. 
For a fixed a,b and « we find that as n increases, variance, SEs and the MSEs 
of o.feand a get smaller. This is because that a larger sample size results in a 
better large sample approximation. It is also noticed that the coverage 
probabilities of the asymptotic CIs are close to the nominal level and do not 
change much across the five different sample sizes. 
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CONSTANT STRESS PARTIALLY ACCELERATED LIFE TEST 
DESIGN FOR INVERTED WEIBULL DISTRIBUTION WITH TYPE-I 
CENSORING 
3.1 INTRODUCTION 
In life testing and reliability experiments, time-to-failure data obtained 
under normal operating conditions is used to analyze the product's failure-time 
distribution and its associated parameters. The continuous improvement in 
manufacturing design of today's products and materials makes them highly 
reliable. Therefore, it is very difficult to obtain such life data while testing 
them at normal use conditions. In this situation ALT is use to assess component 
and subsystem reliability, to detect failure modes so that they can be corrected. 
In ALT, products are tested at higher-than-usual levels of stress to induce early 
failure. The life data so collected is then analyzed and extrapolated to estimate 
the life characteristics under normal operating conditions by using a proper life 
stress relationship. There are situations where such a life stress relationship is 
not known and cannot be assumed. In such situations use of PALTs is a better 
option. In PALT, test units are run at both use and accelerated conditions. 
In this chapter, CSPALT design with type-I censoring for Inverted 
Weibull distribution is considered. Assuming that the lifetimes of test item at 
use condition follow an Inverted Weibull distribution, the ML estimates for 
distribution parameters and acceleration factor are obtained. Fisher information 
matrix is constructed to get the AV of the ML estimators. The CIs for 
distribution parameters and AF are also obtained by using the AV. The 
performance of the inference method is evaluated by a simulation study. 
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3.2 THE MODEL AND TEST PROCEDURE 
r 
T 
X 
H 
3.2.1 Notations 
Some of the notations are taken from Bai & Chung [88] 
total number of test items in a PALT 
censoring time of a PALT 
life time of an item at use condition 
life time of an item at accelerated condition 
acceleration factor (;5>1) and defined as f} = Tlx 
observed life time of /"' item at use condition 
observed life time of j'^ item at accelerated condition 
indicator function at use condition 
indicator function at accelerated condition 
ordered failure times at use condition 
ordered failure times at accelerated condition 
;(,)<...</(„^,<r 
^ ( i ) ^ - - - ^ ^ ( ' . a ) ^ ^ 
3.2.2 CSPALT Procedure 
i. Total n items are divided randomly into two samples of sizes n(l~r) and 
nr respectively where r is sample proportion. First sample is allocated to 
normal use condition and other is allocated to accelerated conditions, 
ii. Each test item of every sample is run without changing the test condition 
until the censoring time r. 
3.2.3 Assumptions 
i. At use condition the lifetime of a test item follows an Inverted Weibull 
distribution with scale parameter 6" and shape parameter «. Therefore, the 
PDF, CDF and RF at use condition are given respectively by 
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/(0 = «^r'"^V '^"", t,a,9>Q (3,1) 
R{t) = \-e~^'~" 
ii. The lifetime of a test item at accelerated condition is obtained by using 
X=^p~^T where/?>l, is an acceleration factor. Therefore, the PDF at 
accelerated condition is given, for x > 0,6" > 0, /S > 1 by 
m = ap9{(ky^"^'^e'''^'^''>''" (3.2) 
iii. The lifetimes r,,/ = l,...,«(l-r) of items allocated to normal condition are 
i.i.d. random variables, 
iv. The lifetimesX^,7 = l,...,«r,of items allocated to accelerated conditions 
are i.i.d. random variables, 
v. The lifetimes Tj and Xj are mutually independent. 
3.3 PARAMETER ESTIMATION 
3.3.1 Point Estimates 
Parameters are estimated by ML technique which is one of the most 
important and popular methods for fitting statistical model because of its 
attractive properties, such as consistency, asymptotic unbiased, asymptotic 
efficiency and asymptotic normality. 
Let 5,„ and S^y are indicator functions (Indicator Function is a function 
defined on a set S that indicates membership of an element in a subset A of 5, 
having the value 1 for all elements of A and the value 0 for all elements of S 
not in A.) for use and accelerated conditions respectively, such that 
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1 /, < r 
Su,=L ' . ^ / = l,2,...,«(l-r) 
0 otherwise (3.3) 
^ . , = • 
1 Xi<T 
, j = \,2,...,nr 
[0 otherwise 
The likelihood functions for {t,, t^ ,,,) and (x^, S^j) are respectively given by 
n(\~r) 
L,„{ti,S,„\a,0)= W 
/"=i 
-(a+i) -eti' a9t-'"^"e 
— e -er 
«/?^(^xp-*«^^'''^'^'" 
<'o/ r -l<^n 
-e 
-e{/)r)-
(3.4) 
(3.5) 
where ^„, = l - <5„, and '^q, = i - S^j. 
The total likelihood for (t^•,S„^,...,t„^i_,y,S^,„^^_,),X]•,S^^,...,x„.•,S^^) is given by 
n(l-r) 
Lit,x\jB,0)^ Yl 
1=1 
adtj e ' \-e -OT 
(3.6) 
The log likelihood function of (3.6) is 
- e 
-Oifir)' >aj 
n(\-r) 
/ = lnL = " £ S^\\na + \ne-{a + \)\nt,-et-"]+ £ ^^J^r"" 
,=1 ;=l 
'"" r 1 
+ X ^q/lln« + lny^  + 'n^-(« + l ) ' "^ - (« + ')'"^7-^(^-^j)'" J (3-7) 
M 
t^A^^p^y^] 
y=i 
MLEs of a,p and ^ are obtained by solving the system of equations 
dl „ dl dl 
_ = 0, — = 0 and — = 0 respectively, where 
da 86 dp 
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nr 
~ \n{\ ~r)- n, jdr-" In r - ^ S,j \n{fiXj) 
nr 
+ ^ ^ S,j {pxj)-'' \n{px^ )-{nr- n, )d{M"' \<Pr) = 0 
nr 
(3.9) 
7=1 
5/ a « 
d(5 p 
where 
III 
y=i 
(3.10) 
n(\-r) 
«„: number of items failed at use condition and is given by «„ = ^ J„ 
«^: number of items failed at accelerated condition is given by «„ = Z ^"j 
,/=i 
The equations (3.8) (3.9) and (3.10) are non-linear, therefore Newton-
Raphson method is used to obtain the estimates of a,p and 6*. 
3.3.2 Fisher Information Matrix 
The observed Fisher information matrix composed of negative second 
partial derivative of the log likelihood function can be expressed as 
dh 
ddda 
d'l 
dade 
d'l 
dadp 
dOdp 
F = 
ddda 39^ (^^ 
dpda dpdO dp^ 
where elements of the matrix are obtained as 
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H {nu+^a) 
d6^ e' 
d'l 
nO-r 
^_{jh±<L-0 ^ J „ . ? - « ( l n / , ) ' + K l - r ) - n J ^ r - " ( l n r ) 
da a ,=1 
dp^ P^ 7=1 
a ^ / "<^'-^ 
dad9 
X ^„,^"ln^+["0-'-)-""l^""'"^ 
1=1 
a I — 
d8da 
- S '5»/'r"'n^+Kl-'-)-"J^""'"^ 
(=1 
+ S '^^/(/^^P"" \rx{Pxj)-{nr-n,){Pr)-" ln(^r) 
7=1 
d^i "^ 
deep ) 
= ' E ^«,(>3xp""ln(;fficp-(«r-«„)(^r) " ln(/?r) 
du d'l n. 
dadp dpda P p + ^;Tr^ 7=1 
7=1 
-fr"" +a^r"^"^" +a{a + \)P'^\nr-n,) 
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3.3.3 Asymptotic Confidence Interval 
Now, the variance-covariance matrix of a,p and 6 can be written as 
by 
V = F'' = 
d'l 
ddda 
d'l 
dadd 
d'l 
8ad/3 
dOdp 
dfida dpdO ej3^ 
AVar{d) ACoviaO) ACov{ap) 
ACoviOd) AVar{e) ACov{00) 
ACovCpd) ACov(fid) AVarCp) 
The I00y% asymptotic CIs for of a,p and ^are then given respectively 
[d±Z^^AVar{d)], ^±Z^ ^jAVar(^) and e±Z^ ^AVar{d) 
3.4 OPTIMUM SIMPLE CSPALT PLAN 
The optimality criterion is to find the optimal proportion of sample units 
r* allocated to accelerated condition such that the GAV of the MLE of the 
model parameters at normal use condition is minimized. 
Most of the test plans allocate the same number of test units at each stress 
i.e. they are equally-spaced test stresses. Such test plans are usually inefficient 
for estimating the mean life at design stress, see Yang [25]. Therefore, to 
determine the optimal sample proportion r* allocated to accelerated condition, 
r is chosen such that the GAV of the ML estimators of the model parameters is 
minimized. The GAV of the ML estimators of the model parameters as an 
optimality criterion is defined as the reciprocal of the determinant of the Fisher-
Information matrixF, see Bai et.al. [Il l] , that is 
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GAV(dJ) = -lr, (3.11) 
The minimization of the GAV over r solves the following equation 
^ - 0 (2.12) 
or 
In general, the solution to (2.12) is not a closed form, so the Newton-
Raphson method is applied to obtain r* which minimizes the GAV. 
Accordingly, the corresponding expected number of items failed at use and 
accelerated conditions can be obtained, respectively, as follows 
nl=n(i-r*)P^ and 
nl=nr*P^ 
where, 
P„ = Probability that an item tested only at use condition fails by r 
P^ - Probability that an item tested only at accelerated condition fails by r 
3.5 SIMULATION STUDY 
The performance of the method of inference described in this chapter is 
evaluated by simulation study in which first a random data is generated from 
Inverted WeibuU distribution which is censored atr = 50. The values for true 
parameters and samples sizes are chosen to be or = 0.5, 6' = 0.25, y9 = 1.05,1.07 and 
« = 50,100,150,200. The estimators and the corresponding summary statistics are 
obtained by the present CSPALT model. For different given samples the ML 
estimates of, the asymptotic SEs, the MSEs and the coverage rate of the 95% 
CI for a, d and /?are obtained. Table-3.1 and 3.2 summarize the results of the 
estimates based on 500 simulation replications. 
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Table 3.1: Simulation study results based on CSP ALT design for type-I 
censored Inverted Weibull data with a = 0.5, 9 = 0.25, /3 = 1.05, r = 0.3 and r = 15 
Sample 
Size 
50 
100 
150 
200 
Parameter 
a 
9 
P 
a 
9 
P 
a 
9 
P 
a 
9 
P 
Estimate 
0.5464 
0.2738 
1.0618 
0.5279 
0.2646 
1.0548 
0.5279 
0.2639 
1.0543 
0.5187 
0.2593 
1.0487 
SE 
0.2173 
0.1086 
0.1434 
0.1670 
0.0833 
0.1101 
0.1560 
0.0780 
0.0807 
0.1152 
0.0576 
0.0569 
MSE 
0.2223 
0.1112 
0.1438 
0.1693 
0.0845 
0.1102 
0.1585 
0.0792 
0.0809 
0.1167 
0.0583 
0.0569 
95% CI 
Coverage 
0.9440 
0.9456 
0.9600 
0.9329 
0.9338 
0.9340 
0.9280 
0.9280 
0.9349 
0.9460 
0.9460 
0.9340 
Table 3.2: Simulation study results based on CSP ALT design for type-I 
censored Inverted Weibull data with a = 0.5,9 = 0.25, p = 1.07, r = 0.3 and r = 25 
Sample 
Size 
50 
100 
150 
200 
Parameter 
a 
9 
P 
a 
9 
P 
a 
9 
P 
a 
9 
P 
Estimate 
0.5464 
0.2736 
1.0820 
0.5276 
0.2646 
1.0749 
0.5187 
0.2639 
1.0752 
0.5187 
0.2593 
1.0682 
SE 
0.2173 
0.1088 
0.1461 
0.1670 
0.0833 
0.1122 
0.1152 
0.0780 
0.0832 
0.1152 
0.0576 
0.0578 
MSE 
0.2223 
0.1113 
0.1466 
0.1693 
0.0845 
0.1123 
0.1167 
0.0792 
0.0834 
0.1167 
0.0583 
0.0578 
95% CI 
Coverage 
0.9440 
0.9456 
0.9600 
0.9330 
0.9338 
0.9340 
0.9460 
0.9280 
0.9332 
0.9460 
0.9460 
0.9340 
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From results in Table-3.1 and 3.2; 
i. It is observed that d, 9 and p estimates the true parameters a, 6 and 
/? quite well respectively with relatively small MSEs. 
ii. The estimated SE also approximates well the sample standard 
deviation, 
iii. For a fixed a, 9 and p we find that as n increases, the MSEs of d, 9 
and p get smaller. This may be because that a larger sample size 
results in a better large sample approximation, 
iv. It is also noticed that the coverage probabilities of the asymptotic CIs 
are close to the nominal level and do not change much across the four 
different sample sizes. 
V. In short, it is reasonable to say that the present CSPALT plan works 
well and has a promising potential in the analysis of ALTg. 
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DESIGN OF ACCELERATED LIFE TESTING USING GEOMETRIC 
PROCESS FOR PARETO DISTRIBUTION 
4.1 INTRODUCTION 
Nowadays, there is a big competition among manufacturing industries to 
provide quality products to their customers and hence the customer 
expectations are also very high which makes the products in recent era very 
reliable and dependable. As in life testing experiments the failure time data is 
used to obtain the product life characteristics under normal operating 
conditions, therefore, such life data has become very difficult to obtain as a 
result of the great reliability of today's products and hence under normal 
operating conditions, as products usually last long, the corresponding life-tests 
become very time consuming and expensive. In these cases, an ALT which is a 
quick way to obtain information about the life distribution of a material, 
component or product can be applied to reduce the experimental time and the 
cost incurred in the experiment. In ALT items are subjected to conditions that 
are more severe than the normal ones, which yields shorter life but, hopefully, 
do not change the failure mechanisms. Failure information collected .under this 
severe test stresses can be extrapolated to obtain an estimate of lifetime under 
normal operating condition based on some life-stress relationship. 
In ALT, generally, the log linear function between life and stress is used 
to obtain the estimates of original parameters of the life distribution. The log 
linear relationship is just a simple re-parameterization of the original parameter 
and hard to use in mathematical calculations. From statistical point of view, it 
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is preferable to work with the original parameters instead of developing 
inferences for the parameters of the log-linear link function. In this situation, 
the use of GP may be a good alternative in ALTg to obtain the original 
parameter of life distribution directly. 
GP is first used by Lam [112] in the study of repair replacement 
problems. Since then a large amount of studies in maintenance problems and 
system reliability have been shown that a GP model is a good and simple 
model for analysis of data with a single trend or multiple trends, for example, 
Lam and Zhang [113], Lam [114], Zhang [115]. So far, limited studies are 
available that utilize the GP in analysis of ALT. Huang [35] introduced the GP 
model for the analysis of CSALT with complete and censored exponential 
samples. Kamal et al. [36] extended the GP model for the analysis of complete 
WeibuU failure data in CSALT. Zhou et al. [37] implement the GP in ALT 
based on the progressive Type-I hybrid censored Rayleigh failure data. 
hi this chapter, the GP with ML estimation technique is used to obtain the 
estimates of the parameters of Pareto distribution in CSALT with complete, 
type-I and type-II censored data. The CIs for parameters are also obtained by 
using the asymptotic properties of normal distribution. In last, the statistical 
properties of estimates and CIs are examined through a simulation study. 
4.2 MODEL DESCRIPTION AND ASSUMPTIONS 
4.2.1 The Geometric Process 
A GP is a stochastic process {^„,« = 1,2,...} such that {/l"~'x„,« = l,2,...} 
forms a renewal process where A > 0 is real valued and called the ratio of the 
GP. It is easy to show that if {X„,n = \,2,-) is a GP and the PDF of X, is /(x) 
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with mean // and variance <T^  then the PDF of x„ will be A"'\fiZ" 'A-) with 
mean jn I A""' and variance cr^  / A^^ """. 
It is clear to see that a GP is stochastically increasing if 0 < /I < 1 and 
decreasing if A > 1. Therefore, GP is a natural approach to analyze the data from 
a series of events with trend. For more details about GP and its properties see 
Braunetal. [116]. 
4.2.2 The Pareto Distribution 
The PDF, CDF and SF of the Pareto distribution with scale parameter e 
and shape parameter a are given respectively by 
r/R" 
fix)= \ , , x>0,e>0,a>0 (4.1) ,a+\ ' {d + x) 
F{x) = \ - , x>0,6'>0,ci;>0 
Six): 
{9 + x) 
e^ 
.a+i 
,«+! ' 
{9 + x) 
4.2,3 Assumptions and Test Procedure 
i. Suppose that we are given an ALT with s increasing stress levels. A 
random sample of n identical items is placed under each stress level and 
start to operate at the same time. Let %,/ = 1,2,...,«, ^ = 1,2,...,5 denote 
observed failure time of /"' test item under k"" stress level. Whenever an 
item fails, it will be removed from the test and test is continue till all the 
test items failed (complete data) or the test at each stress level terminates 
at a prespecified censoring time? (type-I censoring) or the test is continue 
until a prespecified number of failures r at each stress level are obtained 
(type-II censoring). 
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ii. The product life follows Pareto distribution given by (4.1) at any stress, 
iii. The shape parameter a is constant, i.e. independent of stress, 
iv. The scale parameter is related to stress bylog^, =a + bS,, where a and b 
are unknown parameters depend on the nature of the product and the test 
method. 
V. Let random variables A'Q, A',, Jifj'-.^5 > denote the hfetimes under each 
stress level, where XQ denotes item's lifetime under the design stress at 
which items will operate ordinarily and sequence{A'i,A: = 1,2,...,5} forms a 
GP with ratio A > 0. 
The assumption (v) which will be used in this study may be stronger than 
the commonly used assumptions (i-iv) in usual discussion of ALTs in literature 
without increasing the complexity of calculations. The theorem 2.1 discusses 
how the assumption of GP (assumption v) is satisfied when there is a log linear 
relationship between a life characteristic and the stress level (assumption iv). 
Theorem 4.1: If the stress level in an ALT is increasing with a constant 
difference then the lifetimes under each stress level forms a GP, that is, if 
Sk+\ - 5 ^ is constant for k = \,2,...,s -\, then {X;i,lc = 0,\,2,...,s] forms a GP. Or log 
linear and GP model are equivalent when the stress increases arithmetically in 
ALT. 
Proof: From assumption (iv), it can easily be shown that 
log = biS,^,-Si,)--^bAS (4.2) 
(4.2) shows that the increased stress levels form an arithmetic sequence 
with a constant difference A S and can be rewritten as 
^k+l bAS 1 
: e - (Assumed) (4.3) 0, A 
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It is clear from (4.3) that 
(^k — — C'j._i — — r - U i _ - > — . . . — — — U 
The PDF of the product lifetime under the k"' stress level is 
f (X) " ^ ^ ' 
A* J .k aO' 
= X' 
/ J 
This implies that 
fx^^) = ^'fxo^^'^) (4-4) 
Now, the definition of GP and (4.4) have the evidence that, if PDF of A o 
is fx^ (x) then the PDF of J^ will be given by A* /(A*x), k = 0,1,2, --^s. Therefore, 
it is clear that lifetimes under a sequence of arithmetically increasing stress 
levels form a GP with ratio X. 
Therefore the PDF of a test item at the k"^ stress level by using theorem 
4.1 can be written by 
f,.^{x\a,9,X) = - — — (45 
{p + X'x] 
4.3 PARAMETER ESTIMATION WITH COMPLETE DATA 
4.3.1 Maximum Likelihood Estimation 
The likelihood function using GP for the Pareto distribution under 
CSALT for complete data is given by 
=^n fi ——, (4.6) 
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The log-likelihood function corresponding (4.6) can be rewritten as 
1 = YJ S l^ln-^ + ln«' + «ln(9-(« + l)ln(6' + /x;t,)] (4.7) 
k=\ ;=1 
MLEs of a,0 and X are obtained by solving the equations — = 0, — = 0 and 
da 80 
dX •• 0, where 
k=l 1=] 
dl _ nsa 
8l_ 
dX 
-(«- l^)I I 
k=\ i=\ 
1 
{0 + X'x„) 
-IE k (Qr + l) i t /" 'x^, I (^  + /x , , ) 
(4.8) 
(4.9) 
(4.10) 
Obviously, it is difficult to obtain a closed form solution to nonlinear 
equations (4.8), (4.9) and (4.10). So, Newton-Raphson method is used to solve 
these equations simultaneously to obtain a, 9 and i . 
4.3.2 Fisher Information Matrix 
The Fisher information matrix composed of the negative second partial 
derivatives of log likelihood function can be written as 
d'l 
d0da 
d'l 
dad0 
30^ 
d'l 
dadX 
d0dX F = 
~ dAda dXd0 dX' 
Elements of Fisher information matrix are 
ns 
"a" 
- i 2 ; s n 
d I nsa , ,,v^ v-i 
30 k=] /=i (6* + A Xj^i) 
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d^l ^ ^ k ^ . . ^ ^ ,„ .. / " ^ x ^ , h - I I -|-(«-i)S Z ^(^-i);^T^T-(«-i)I I ^ ^ " ?}'''xi 5A' S tl >^ /t=i (=1 (^  + rx, ,) k=\ 1=1 (^+A*x,,)-
a'/ _ d^l _ns ^ Y 1 
5^/ a^/ 1*-1 
d^l d^l 
d6dX dXdO = (« + l)X S^ k=\ i=\ (0 + X x^,) 
4.3.3 Asymptotic Confidence Intervals 
Now, the variance covariance matrix can be written as 
s = 
d^l 
dOda 
dh 
dade 
36^ 
dh 
dadX 
dOdX 
dXda dXde ar 
-1 
AVar{a) ACov{dd) ACov{dX) 
ACov(0d) AVarid) ACov{eX) 
ACov{Ad) ACov(M) AVar(A) 
The lOO(\-r)% asymptotic CIs for 9,a and A are then given respectively as 
d±z \-i ^JAVariO) d±Z y yjAVarid) i_ i and A±Z -jAVariX) 
4.3.4 Simulation Study 
The performance of the estimates can be evaluated through some 
measures of accuracy which are the SE, the MSE and the coverage rate of 
asymptotic CIs for different sample sizes and stress levels. 
To conduct a simulation study to evaluate the performance of the methods 
for complete data, first a sample x^ „ k = \,2,...,s, i = \,2,-,n is generated from 
Pareto distribution. The values of the parameters and number of stress levels 
are chosen to be0 = O.5, a = 1.5,A = 1.02and 5 = 3,5. For different sample sizes 
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« = 20,40,...,]00 and stress levels, ML estimates, the asymptotic SEs, the MSEs, 
lower and upper asymptotic CI limits and the coverage rate of the 95% CIs of 
parameters based on 400 simulations are obtained by our proposed model and 
summarized in Table 4.1 and 4.2. 
Table 4.1: Simulation study results based on CSALT with complete data for 
Pareto distribution using GP with X = \.02,a = \.5,e = 0.5and 5 = 4 
Sample 
Sizew 
20 
40 
60 
80 
100 
Parameter 
X 
a 
e 
X 
a 
e 
X 
a 
e 
X 
a 
6 
X 
a 
e 
MLE 
1.0117 
1.6331 
0.5443 
1.0271 
1.5206 
0.5068 
1.0292 
1.5027 
0.5009 
1.0199 
1.5218 
0.5072 
1.0192 
1.5197 
0.5065 
SE 
0.0102 
0.2127 
0.0241 
0.0052 
0.0889 
0.0098 
0.0035 
0.0573 
0.0064 
0.0025 
0.0438 
0.0048 
0.0020 
0.0351 
0.0039 
MSE 
0.0103 
0.2250 
0.0250 
0.0051 
0.0738 
0.0082 
0.0028 
0.0432 
0.0048 
0.0024 
0.0367 
0.0040 
0.0018 
0.0329 
0.0036 
LCL 
0.7648 
0.8257 
0.2752 
0.9169 
0.8358 
0.2786 
0.9449 
0.9280 
0.3093 
0.9116 
1.1301 
0.3767 
0.9655 
1.0676 
0.3558 
UCL 
1.1161 
2.5853 
0.8617 
1.2164 
1.8764 
0.6254 
1.1945 
1.7933 
0.5977 
1.1029 
1.7545 
0.6433 
1.1516 
1.7441 
0.5813 
95% CI 
Coverage 
0.9361 
0.9680 
0.9680 
0.9795 
0.9591 
0.9591 
0.9795 
0.9693 
0.9693 
0.9700 
0.9510 
0.9500 
0.9700 
0.9640 
0.9600 
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Table 4.2: Simulation study results based on CSALT with complete data for 
Pareto distribution using GP with /I = l.02,« = l.5,6' = 0.5 and s = 6 
Sample 
Size n 
20 
40 
60 
80 
100 
Parameter 
Z 
a 
0 
X 
a 
B 
X 
a 
e 
X 
a 
6 
X 
a 
e 
MLE 
1.0150 
1.5693 
0.5179 
1.0244 
1.5068 
0.5022 
1.0221 
1.5163 
0.5054 
1.0182 
1.5227 
0.5075 
1.0178 
1.5175 
0.5058 
SE 
0.0029 
0.1093 
0.0132 
0.0015 
0.0501 
0.0057 
0.0011 
0.0403 
0.0044 
0.0008 
0.0290 
0.0032 
0.0006 
0.0223 
0.0024 
MSE 
0.0028 
0.1035 
0.0139 
0.0011 
0.0353 
0.0039 
0.0012 
0.0373 
0.0041 
0.0008 
0.0290 
0.0032 
0.0005 
0.0194 
0.0021 
LCL 
0.9318 
0.8005 
0.2668 
0.9676 
0.9990 
0.3330 
0.9520 
1.1236 
0.3745 
0.9928 
1.0869 
0.3623 
0.9636 
1.2456 
0.4152 
UCL 
1.1566 
1.9462 
0.6487 
1.1231 
1.8124 
0.6041 
1.0860 
1.8982 
0.6327 
1.1128 
1.7042 
0.5680 
1.0604 
1.8200 
0.6066 
95% CI 
Coverage 
0.9587 
0.9588 
0.9587 
0.9898 
0.9790 
0.9797 
0.9400 
0.9750 
0.9730 
0.9700 
0.9720 
0.9732 
0.9600 
0.9810 
. 0.9800 
Results in Table 4.1 and 4.2 indicate that e,d and i estimate the true 
parameters d,a and A quite well with relatively small MSEs. For fixed e,a 
and X we find that as n and s increases, the MSEs and the asymptotic SE of 
6,a and A decreases. It is also notice that the coverage probabilities of the 
asymptotic CIs are close to the nominal level and do not change much as 
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sample size increases. From these results it may be concluded that the present 
model work well for complete data. 
4.4 PARAMETER ESTIMATION WITH TYPE-I CENSORED DATA 
4.4.1 Maximum Likelihood Estimation 
Let r^(<«) failures times A:^ ,(,) <;c^ .(2) ^ •••s^ (^^ )^ are observed before test 
termination time t. Here, / is fixed in advance and rj, is random. Therefore the 
likelihood function in CS ALT at one of the stress level using GP for the Pareto 
distribution with type-I censored data is given by 
(.n-r,^)\ (^  + A r 
It follows that the total likelihood function for all s stress levels is: 
Z- = i | xLj X...X Z^ 
=n 
k=\ 
n\ 
i.n-r,)\ 
{x'^ae'^yi^ Yl ! 0" [(e^A'tf'^ 
n-rif 
The log-likelihood function corresponding (4.11) takes the form 
/ = logi=:£ 
k=\ 
n\ \ 
(n-ri^y. 
+ kr^ \nA + ri^\na 
+ ari,\ne-ia + \)'Y^ ln(6i +A^x^,,,) 
(=1 
+ ain-ri,)\ne-{a + \){n-r,,)\n{6 + X''t) 
MLEs of a,0 and /I are obtained by solving the following equations 
'* 
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dl ^ \ari^ - ^ 1 ^ ajn-r/^) ( a + l)( ;?-r^) _ ^ 
0 (d + A't) 
(4.14) 
/ - ' x kd) 
^^ tA^ M (^ + A*x,,,) {0 + A*0 = 0 
(4.15) 
Equations (4.13), (4.14) and (4.15) are nonlinear; therefore, it is very 
difficult to obtain a closed form solution. So, again Newton-Raphson method is 
used to solve these equations simultaneously to obtain a, 0 and i . 
4.4.2 Fisher Information Matrix 
The Fisher information matrix composed of the negative second partial 
derivatives of log likelihood function can be written as 
F = 
d'l 
d0da 
d'l 
dad0 
d'l 
dadA. 
dOdX 
_ 5 ^ 
dAda dAd0 dA^ 
Elements of the Fisher information matrix are given as 
3 2 ; , S 1 
da'^ a^ ;t^ i I 
i-k d^l 4-.\ ar^ ^ ,^v^ 
f^ (^  + ^*^*(/))' 
(x{n-r^) {a + \){n-rJ | 
0^ (0 + X^tf 
•- f -yt(« + l ) £ X,, 
•kin-rk)ia + \)A''~^t 
{k - \){0 + r x^ (,) )r'^ - kX^^'-^x ki 
{e + x'x,^,^f 
k.-^^k-l ; , i 2 A - 2 , (k-\)i0 + A'tW''-kA"'~'t 
{0 + X^tf 
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d^l dH a 
dade ddda I -^I (« - ^k) ("- ' •*) k=\ e tr (^  + ^ S(;)) ^ (^  + / 0 | 
dh 
dadX 
dl 
dh 
dAda 
81 
^ A*-'x,,, A:(«-/-^)/-V] 
a6P/i dAde 
t? t r i^ + ^'x,^,^) {9 + x't) 
. ^ j ,(a.i) | ; _^XfM^,.^(«-.)(«-iu*-'^" 
i=l :-r (0+A^,(,.))2 (^  + A*0^  
4.4.3 Asymptotic Confidence Intervals 
Now, the variance covariance matrix can be written as 
2 -
dH 
da^ 
d'l 
d9da 
d'l 
bade 
dH 
d0^ 
d'l 
dadA 
d'l 
dOdA 
T - l 
dAda dAde dA' 
AVaria) ACov{a.e) ACov(dA) 
ACov(Sd) AVar{9) ACOV(SA) 
ACov(Ad) ACoviW) AVar{A) 
The 100(l-r)% asymptotic CIs for e,a and A are then given 
respectively as 
e±Z ^JAVar(3) d±Z ^AVar(d) and A±Z .jAVariA) 
4.4.4 Simulation Study 
To evaluate the performance of the statistical properties of parameters for 
type-I censored data; first a random sample x^ ,, k = \,2,...,s, i = \,2,...,r is 
generated from Pareto distribution which is censored atr = 4, 6. The values of 
the parameters and number of stress levels are chosen to be ^ = 0.5, « = 1.5, 
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/l = l.02ands = 5 . For different sample sizes « = 20,40,,..,!00, the MLEs, SEs. 
MSEs, lower and upper CI limits (LCL and UCL) and the coverage rate of the 
95% CIs of parameters based on 400 simulations are obtained by our proposed 
model and summarized in Table 4.3 and 4.4. 
Table 4.3: Simulation study results based on CSALT with type-1 censored 
data for Pareto distribution using GP with A = i .02,« = i .5, ^  = 0.5, i = 5 and t = 4 
Sample 
Size/i 
20 
40 
60 
80 
100 
Parameter 
A 
a 
e 
X 
a 
e 
X 
a 
9 
A 
a 
e 
A 
a 
e 
MLE 
1.0254 
1.6054 
0.5240 
1.0203 
1.5508 
0.5100 
1.0268 
1.5116 
0.5024 
1.0308 
1.4946 
0.4990 
1.0222 
1.5181 
0.5050 
SE 
0.0142 
0.2617 
0.0335 
0.0070 
0.1267 
0.0156 
0.0047 
0.0787 
0.0098 
0.0035 
0.0573 
0.0072 
0.0027 
0.0467 
0.0058 
MSE 
0.0141 
0.2936 
0.0300 
0.0069 
0.1181 
0.0151 
0.0039 
0.0570 
0.0070 
0.0029 
0.0449 
0.0054 
0.0027 
0.0416 
0.0045 
LCL 
0.8448 
0.5250 
0.1741 
0.9070 
0.6942 
0.2293 
0.8773 
0.9723 
0.3257 
0.9449 
0.9280 
0.2976 
0.9228 
1.0866 
0.3357 
UCL 
1.3150 
2.1011 
0.7993 
1.2697 
1.8455 
0.6601 
1.1363 
2.0338 
0.7183 
1.1945 
1.7933 
0.6031 
1.1250 
1.8966 
0.6167 
95% CI 
Coverage 
0.9580 
0.9510 
0.9659 
0.9463 
0.9530 
0.9400 
0.9731 
0.9463 
0.9666 
0.9600 
0.9533 
0.9656 
0.9533 
0.9666 
0.9800 
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Table 4.4: Simulation study results based on CSALT with type-I censored 
data for Pareto distribution using GP with x = i.02,a = \.5,0 = 0.5,s = 5md t = 6 
Sample 
Size n 
20 
40 
60 
80 
100 
Parameter 
X 
a 
e 
X 
a 
e 
X 
a 
e 
X 
a 
e 
X 
a 
9 
MLE 
1.0250 
1.6057 
0.5318 
1.0197 
1.5541 
0.5146 
1.0270 
1.5092 
0.5046 
1.0308 
1.4947 
0.4997 
1.0221 
1.5186 
0.5052 
SE 
0.0141 
0.2657 
0.0327 
0.0069 
0.1269 
0.0145 
0.0047 
0.0783 
0.0091 
0.0035 
0.0572 
0.0066 
0.0027 
0.0466 
0.0053 
MSE 
0.0138 
0.2906 
0.0317 
0.0068 
0.1157 
0.0141 
0.0039 
0.0574 
0.0068 
0.0029 
0.0447 
0.0049 
0.0027 
0.0419 
0.0044 
LCL 
0.8448 
0.5250 
0.2485 
0.9070 
0.6942 
0.2224 
0.8773 
0.9723 
0.3210 
0.9449 
0.9280 
0.3031 
0.9228 
1.0866 
0.3543 
UCL 
1.3150 
2.1011 
0.7166 
1.2697 
1.8455 
0.6111 
1.1363 
2.0338 
0.6833 
1.1945 
1.7933 
0.5945 
1.1250 
1.8966 
0.6279 
95% CI 
Coverage 
0.9650 
0.9510 
0.9533 
0.9527 
0.9594 
0.9531 
0.9733 
0.9466 
0.9666 
0.9600 
0.9533 
0.9531 
0.9466 
0.9666 
0.9664 
From the results in Table 4.3 and 4.4, it is easy to find that d,a and X 
perform well as expected. For fixed 6, a and A, the MSEs and the SEs of 9, a 
and X decreases as n increases. For the fixed sample sizes, as the termination 
time / gets larger the MSE and SE of the estimators decrease. This is very 
usual because more failures are obtained due to large values of /, and thus 
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increase the efficiency of the estimators. It is also noticed that the coverage 
probabilities of the asymptotic CIs are close to the nominal level and do not 
change much as sample size increases. From these results it may be concluded 
that the present model also work well under type-I censored data. 
4.5 PARAMETER ESTIMATION WITH TYPE-II CENSORED DATA 
4.5.1 Maximum Likelihood Estimation 
Let r^ . (< ri) failures times ;c^ (,, < x^2) ^ • • • ^ •x<.(^ ) are observed before test 
termination at the r'^ failure and {n-r) units are still survived at each stress 
level. Here, r is fixed in advance and t is random. Therefore the likelihood 
function in CSALT at one of the stress level using GP for the Pareto 
distribution with type-II censored data is given by 
"• {X^ae"Y 
{n-r) A -I- / k \ 
e" 
K/x,,,,r 
Now the likelihood function of observed data in a total s stress levels is: 
n "• {i^ae'^y {n-r) 
'=' (^+^'^*(,)r' 
9' 
(^  + A*x,(,))"^' 
(4.16) 
The log-likelihood function corresponding (4.16) takes the form 
'=1 
/ c = l 
^ n\ ^ 
{n-r)\ kr\ri.X + r\x\a + ar\x\Q-{a + 1)V ln(6' + A*x^(,)) 
,=1 
+ a(n - r) In 6' - (or +1)(« - r) ln(6' + /I* x^(^)) 
MLEs of a, e and X are obtained by solving the following equations 
e 
da k=\ " k=\ 
r l n 6 ' - ^ ln((9 + A*x^ (,) ) + («-/•) In 
(=1 {9 + X'x,(,^) 
= 0 (4.17) 
61 
Chapter 4 Design of ALT using GP for Parelo distribution 
(4.18) 
3A fit u ' t r (^+A^„„) 
k(i) k-l. k{n-r){a + \)A^ 'x^. k{r) 
• 0 (4.19) 
Hi,)! {9 +A x^,^) 
Equations (4.17), (4.18) and (4.19) are nonlinear; therefore, it is very 
difficult to obtain a closed form solution. So, again Newton-Raphson method is 
used to solve these equations simultaneously to obtain d, 9 and X. 
4.5.2 Fisher Information Matrix 
The Fisher-information matrix composed of the negative second partial 
derivatives of log likelihood function can be written as 
d'l 
ddda 
d'l 
dad0 
d'l 
dadA 
dGdX F 
dAda dAde dX} 
Elements of the Fisher Information matrix are 
d^l rs 
da a' 
2 : - ^ + ( « - » i 
*=i e M* {.0 + A x^.(,)) 
a{n-r) {a + \){n-r) 
0' {0 + A'x,^,,f 
=1 
k=\ 
kr 
— -kia + \)Y, y^k{i) 
i=\ 
k-\. 
•k{n-r){a + \)A''~'x 
{k-\){9 + A'x,^,^)A'-^-kA^'-^x,^,^ 
\k - ])(0 + /xi(,))A*-^ - a^*"^x^(,) 
k(r) {0 + A x (^^ )) 
s r 1 (n-r) (n-r) 
dad0 h V M (^ + ^S(,)) ^ i0 + ^'Xkir))\ 
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8^1 d^i (n-r) {n-r) 
deea cade ^ ^ ^ (^ + A'X^,,)) 
d^i d^i 
dadX d2da =z -^ z 
r A'-'x W) 
(^ + /x^(,)) 
k-\. k{n-r)X x^^) 
=1 1 (=1 {0 + X X;t(,)) {0 + X x^^)) 
X'-'x k-K k(i) A;(«-r)(a + l ) r " ' x , 
dOdX dXdd 
• + -
k(r) 
k=\ fx (^  + A*x,(,))2 {e + x'x,(,^f 
4.5.3 Asymptotic Confidence Intervals 
Now, the variance covariance matrix can be written as 
s = 
dh 
dOda 
d'l 
Bade 
80^ 
d'l 
BadX 
dOdX 
- I 
d^a dXd0 dX^ 
AVar(d) ACov{dd) ACov{aX) 
ACov{0d) AVar{0) ACov{0X) 
ACov{Xd) ACov{X0) AVar{X) 
where AVar and ACov are stand for asymptotic variance and covariance 
respectively. 
The 100(l-x)% asymptotic CIs for 9,a and X can be then obtained 
respectively as 
0±Z ^yJAVarid) a±Z ^ J A Varia) 
1 - -
2 
and X±Z ^AVarCX) 
4.5.4 Simulation study 
To perform the simulation study for type-II censored data, tlrst different 
samplesx^,, A: = l,2,...,5,/ = l,2,...,r of sizes« = 20,50,100 are generated from Pareto 
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distribution which is censored atr = ]2,15. The combinations (/I,«r,6') of values 
of the parameters are chosen to be (1.1,1.25,0.25), (1.2,1.5,0.5) and (1.3,1.75,0.75). 
The number of stress levels s is assumed to be 5 throughout the study. For 
different sample sizes, stress levels and numbers of censored units, the lower 
and upper CI limits (LCL and UCL) and the coverage rate of the 95% CIs of 
parameters based on 400 simulations are obtained by our proposed model and 
summarized in Table 4.5, 4.6, 4.7, 4.8, 4.9 and 4.10. 
Table 4.5: Simulation study results based on CSALT with type-II censored 
data for Pareto distribution using GP with A = l.l,Qr = 1.25,<9 = 0.25,5 = 5and r = \2 
Sample 
Sizew 
20 
50 
100 
Parameter 
X 
a 
9 
X 
a 
0 
X 
a 
e 
MLE 
1.1887 
1.2505 
0.2501 
1.1865 
1.2556 
0.2515 
1.1676 
1.2612 
0.2522 
LCL 
0.4181 
0.9679 
0.1935 
0.1896 
1.1309 
0.2261 
0.2313 
1.1251 
0.2250 
UCL 
1.8054 
1.4111 
0.2822 
0.9948 
1.7210 
0.3442 
1.1838 
1.7034 
0.3406 
95% 
Asymptotic 
CI Coverage 
0.9666 
0.9777 
0.9837 
0.9878 
0.9634 
0.9583 
0.9887 
0.9662 
0.9562 
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Table 4.6: Simulation study results based on CSALT with type-II censored 
data for Pareto distribution using GP with A = 1.1,a = 1.25,6'= 0.25,5 = 5 and r = 15 
Sample 
Sizen 
20 
50 
100 
Parameter 
A 
a 
e 
X 
a 
9 
Pi 
a 
9 
MLE 
1.1814 
1.2470 
0.2489 
1.1574 
1.2533 
0.2506 
1.1456 
1.2622 
0.2518 
LCL 
0.6140 
0.9513 
0.1902 
0.3224 
1.1172 
0.2234 
0.2453 
1.2230 
0.2446 
UCL 
1.9407 
1.3254 
0.2650 
1.2337 
1.5997 
0.3199 
0.9802 
1.7699 
0.3539 
95% 
Asymptotic 
CI Coverage 
0.9782 
0.9347 
0.9274 
0.9574 
0.9680 
0.9590 
0.9891 
0.9782 
0.9780 
Table 4.7: Simulation study results based on CSALT with type-II censored 
data for Pareto distribution using GP with A = l.2,a = 1.5,61 = 0.5,5 = 5 and r = 12 
Sample 
Size« 
20 
50 
100 
Parameter 
X 
a 
0 
X 
a 
e 
X 
a 
6 
MLE 
1.2762 
1.4998 
0.5002 
1.2656 
1.5086 
0.5037 
1.2582 
1.5129 
0.5045 
LCL 
0.6406 
1.1393 
0.3871 
0.2888 
1.3683 
0.4523 
0.3675 
1.2630 
0.4500 
UCL 
2.3259 
1.6045 
0.5644 
1.2364 
2.0067 
0.6884 
1.4278 
1.8096 
0.6813 
95% 
Asymptotic 
CI Coverage 
0.9462 
0.9569 
0.9777 
0.9673 
0.9782 
0.9756 
0.9784 
0.9563 
0.9662 
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Table 4.8: Simulation study results based on CSALT with type-II censored 
data for Pareto distribution using GP with A = \.2,a = \.5,0 = 0.5,i- = 5 and r = 15 
Sample 
Size« 
20 
50 
100 
Parameter 
A 
a 
0 
A 
a 
0 
A 
a 
0 
MLE 
1.2888 
1.4964 
0.4988 
1.2626 
1.5039 
0.5013 
1.2614 
1.5089 
0.5037 
LCL 
0.6699 
1.1415 
0.3805 
0.3517 
1.3406 
0.4468 
0.2676 
1.4677 
0.4892 
UCL 
2.3052 
1.5905 
0.5301 
1.3459 
1.9197 
0.6399 
1.0693 
1.7916 
0.7079 
9 5 % 
Asymptotic 
CI Coverage 
0.9782 
0.9347 
0.9347 
0.9574 
0.9680 
0.9680 
0.9891 
0.9782 
0.9780 
Table 4.9: Simulation study results based on CSALT with type-II censored 
data for Pareto distribution using GP with A = 1.3,a = 1.75,(9 = 0.75,5 = 5 and r = 12 
Sample 
Sizen 
20 
50 
100 
Parameter 
A 
a 
0 
A 
a 
0 
A 
a 
0 
MLE 
1.4145 
1.7475 
0.7503 
1.3862 
1.7746 
0.7544 
1.3798 
1.7657 
0.7567 
LCL 
0.4941 
1.3550 
0.5807 
0.2241 
1.5833 
0.6785 
0.2734 
1.5752 
0.6750 
UCL 
2.1337 
1.9756 
0.8467 
1.1756 
2.4094 
1.0326 
1.3990 
2.3847 
1.0220 
95% 
Asymptotic 
CI Coverage 
0.9560 
0.9670 
0.9777 
0.9753 
0.9629 
0.9753 
0.9887 
0.9662 
0.9662 
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Table 4.10: Simulation study results based on CSALT with type-II censored 
data for Pareto distribution using GP with /l = l.3,a = l.75,6' = 0.75,5 = 5and r = 15 
Sample 
Size/I 
20 
50 
100 
Parameter 
X 
a 
0 
X 
a 
9 
A 
a 
e 
MLE 
1.3904 
1.7473 
0.7482 
1.3616 
1.7572 
0.7531 
1.3555 
1.7668 
0.7556 
LCL 
0.7257 
1.3318 
0.5707 
0.3810 
1.5641 
0.6703 
0.2899 
1.7123 
0.7338 
UCL 
1.9356 
1.8556 
0.5707 
1.4580 
2.2396 
0.9598 
1.1584 
2.4779 
1.0619 
95% 
Asymptotic 
CI Coverage 
0.9784 
0.9354 
0.9347 
0.9473 
0.9684 
0.9684 
0.9891 
0.9782 
0.9780 
From the results in Table 4.5, 4.6, 4.7, 4.8, 4.9 and 4.10, it is easy to find 
that estimates of 9, a and A perform well as expected on the basis of type-1 
censored and complete data. For fixed 0,a and X we find that as sample size 
n increases, the CIs get narrower. For the fixed sample sizes n, as the number 
of failures r gets larger the CIs get narrower also. This is very usual because 
more failures increase the efficiency of the estimators. It is also notice that the 
coverage probabilities of the asymptotic CIs are close to the nominal level and 
do not change much as sample size and the number of failures increases. From 
these results, it may be concluded that the present model also work well under 
type-II censored data. 
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CHAPTER 5 
ACCELERATED LIFE TEST DESIGN USING GEOMETRIC 
PROCESS FOR WEIBULL DISTRIBUTION 
5.1 INTRODUCTION 
In this chapter the GP is used in ALT to estimate the parameters of 
Weibull distribution with type-I and type-II censored data. The ML estimation 
method is applied to estimate the parameters by assuming that the lifetimes 
under increasing stress levels form a GP. In addition, asymptotic CIs of the 
parameters using Fisher information matrix are also obtained. A simulation 
study is also performed to check the statistical properties of estimates of the 
parameters and the CIs. 
5.2 MODEL DESCRIPTION AND ASSUMPTIONS 
5.2.1 The Weibull Distribution 
The Weibull distribution is one of the most widely used lifetime 
distributions in reliability engineering. It is a versatile distribution that can take 
on the characteristics of other types of distributions, based on the value of the 
shape parameter. Depending on the values of the parameters, the Weibull 
distribution can be used to model a variety of life behaviors. The PDF, the 
CDF, the SF and the HR of a two parameter Weibull distribution with scale 
parameter a>0 and shape parameter /?>0, are given respectively by 
f{x\a,j3) = ^x^~^exJ-U) , x>0 (5.1) 
F ( x | « , y 5 ) - l - e x J - f - l L x>0 
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S{x) =exf m 
a\aj 
For /?<!, the HR of the device decreases over time, for ^>l , the HR of 
the device increases over time and for ^ = l , the HR of the device is constant 
over time. 
5.2.2 Assumptions and Test Procedure 
i. Suppose that an ALT with s increasing stress levels in which a random 
sample of n identical items is placed under each stress level and start to 
operate at the same time. Let %,/ = I,2,...,«, A: = l,2,...,5 denote observed 
failure time of i'^ test item under /t* stress level. Whenever an item fails, 
it will be removed from the test and the test is terminated at a prespecified 
censoring time / at each stress level (type-I censoring) or it will be 
removed from the test and the test is continue until a prespecified number 
of failures r at each stress level are obtained (type-II censoring). 
ii. At any stress level the lifetimes of product follows Weibull distribution 
given by (5.1). 
iii. The scale parameter of distribution is related to stress by the relation 
\og{ai^ ) = a + bS/,, where a and b are unknown parameters depending on the 
nature of the product and the test method. 
iv. Let random variables Xo,X\,X2,...,X,, denote the lifetimes under each 
stress level, where XQ denotes item's lifetime under the design stress at 
which items will operate ordinarily and sequence{x^,^ = 1,2,...,5} forms a 
GP with ratioA>0. 
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Assumptions (i-iii) are very usually discussed in literature of ALTs but 
assumption (iv) which will be used in this study may be better than the usual 
one without increasing the complexity of calculations. The next theorem 
discusses how the assumption of GP (assumption iv) is satisfied when there is a 
log linear relationship between a life and stress (assumption iii). 
Theorem 5.1: If the stress level in a CSALT is increasing with a constant 
difference then the lifetimes under each stress level forms a GP that is, if 
S/^^^-Sf. is constant for k-\,2,...,s~\, then {Xi^,k = 0,\,2,...,s] forms a GP. Or 
log linear relationship and GP model are equivalent when the stress increases 
arithmetically in CSALT. 
Proof: From assumption (iii), it can easily be shown that 
log = Z)(5,^,-5J = ftM (5.2) 
Now eq. (5.2) can be rewritten as 
a 
a 
A+i ^gfcAS^l (Assumed) (5.3) 
This shows that stress levels increases arithmetically with a constant difference 
^S. Therefore, it is clear from (5.3) that 
1 1 1 
The PDF of the product lifetime under the ic"" stress level is 
fx,{x) = -A^.p-^ x'^ exr 
f \ 
X 
« i K^/< J 
^ x^- ' ex{y X 
f 1 V 
X a V A y 
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r,n^ 
v « y 
J3x^ exp- U^ ^'^ 
v « y 
This implies that 
fx,ix) = x'f^^{X'x) (5.4) 
Now, the definition of GP and (5.4) have the evidence that, if density 
function of X^ is fx^ix) , then the PDF of X^ will be given by 
/I* / ( / x ) , k = 0,1,2,-•-,5. Therefore, it is clear that lifetimes under a sequence of 
arithmetically increasing stress levels form a GP with ratio A . 
5.3 ESTIMATION O F P A R A M E T E R S WITH TYPE-I C E N S O R I N G 
5.3.1 Maximum Likelihood Estimation 
Let the test at each stress level is terminated at time i and only x^ ,- < / 
failure times are observed. Assume that ri^{<n) failures at the k"^ stress level 
are observed before the test is suspended and (n-rj^)units are still survived the 
entire test without failing. 
Now the likelihood function for constant stress ALT with type-I censored 
Weibull failure data using GP at one of the stress level is given by 
L,,ia,e,A) = n\ {n-r,)\ 
f^^\ 
v « y 
rkP 
P'' n 'm '^^ 
(=1 a 
V / 
exp< 
f .k \P 
' X t^ 
v « y 
n-rj, 
Therefore, now the likelihood function for total s stress levels is 
(5.5) 
n 
k=\ 
n\ 
r j^kYk^ 
(«- / - * ) ! v ' ^ y 
^a 
f-k 
n f^co exp-
/=i a V ) 
exp-
(l^t^' 
v ^ y 
n-rk 
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The log likelihood function corresponding (5.5) takes the form 
/ = logL = £ 
/c=I 
log {n-r,y. 
+ kri^(3\ogl-ri^p\oga + ri^ logy? 
+ {P-\)f^ logx,(,,-U \'^ 1 Z ^f(,)+("-'•/;)'' 
MLEs of a,/3 and A are obtained by solving the following normal equations 
' • i /^ 
a 
,^+1 1 
= 0 
di_ 
dp 
A:r^logA-r^loga + ^ + Z 'ogC^AC)) 
r' ^n 
v«^y 
/? 
•K 
Z (^A{/))^ l0g(X;t(,)) + l0g ^ ;^ n 
v « y 
- ( " - / • / i ) 
^ / ^ ^ 
v « y 
/^< log/+ log r^n 
v « y 
= 0 
c5A A=i 
krj^_kp_ r/^  
v " y 
Above equations are nonlinear; therefore, it is very difficult to obtain a 
closed form solution. So, Newton-Raphson method is used to solve these 
equations simultaneously to obtain a, fi and X. 
5.3.2 Fisher Information Matrix 
The Fisher information matrix composed of the negative second partial 
derivatives of log likelihood function can be written as 
F = 
dh 
da^ 
8h 
dAda 
d'l 
d'l 
dadX 
dh 
d^ 
dh 
d^i 
dadp 
dh 
dXdp 
d'l 
dpda dpdX dp^ 
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The elements of the Fisher information matrix are obtained as 
2 
a 
?+2 r .^ 
(=1 
s kr^P kp 2" X^ (kp-\{^ \Y^xl^,^^{n-r,)tP v « y i,=i 
•I. 
k=\ 
/^n 
v « y 
I X k\ Z (^tO)) j^'o8( i^(')) + H — 
•("-'•*) r^n 
v « y 
/^<^logr + log r^ n 
v « y 
d'l d^l 
dadX dAda k=] 
kp^ f ,k\ 
aX v « y 
^k 1 t,4(,)+i^'^k)t^ 
d'l dH 
dpdX dXdp -1 
k=\ 
kr^ kp 
~X X 
f,k^^ 
v « y 
• f t 
''k 1 Z O^ Mo)' 
( ,k\ 
v « y 
kp (,k\ 
^a ^ 
f •^k\ 
log 
K^ J 
skP 
•in-r,)-
-{n-rk)tP' 
r on 
a 
r^ log/ 
a X 
f ^k\ 
v « y 
^ r .k\ 
log 
v « y 
a^ / d'l 
dadp dpda k=\ 
a a 
( ;^kYn, 
v « y 
£ U/iO))^log(^M<)) 
(=1 
E (^ A(o)' 
(=1 
f .k^ 
a v « y 
f,k^^ 
v « y 
log ^ n^ 
v « y 
( -ik^ 
+ ( " - ' • * ) -
a v " y 
/^ log? 
+ («-r^)r^ 
^ o o 
or v " / 
.1 
a 
(,k^P 
y" J 
log 
f^k^ 
^a J 
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5.3.3 Asymptotic Confidence Intervals 
Now, the variance covariance matrix can be written as 
1 = 
d^l 
da^ 
d'l 
8/lda 
d'l 
d'l 
dadA 
d'l 
dx^ 
d'l 
d'l 
dadp 
d'l 
8Ad/3 
d'l 
dpda dpdX dp^ 
AVar{d) ACov{dX) ACov{dp) 
ACov{id) AVarii) ACov{ip) 
ACov(pd) ACovipX) AVarCp) 
The 100(l-r)% asymptotic CIs for a,p and A are then given 
respectively by 
d±Z ^AVar{d) p±z 
1-^ 
yJAVariP) and X±Z y ^AVar(A) 
5.3.4 Simulation Study 
The performance of the estimates can be evaluated through some 
measures of accuracy which are the MSE, RAB and the 95% asymptotic CIs 
for different sample sizes and stress levels. Now for this purpose we perform 
the simulation study, first a random sample x^ ,, A-= 1,2,...,5. / = l,2,...,r is 
generated from Weibull distribution which is censored at? = 4, 6. The values of 
the parameters and number of stress levels are chosen to be 
« = 0.80,/? = 2.50, A = 1.50and5 = 4. For different sample sizes/? = 50,100,...250 
the MLEs, MSEs, RABs and lower and upper CI limits (LCL and UCL) of the 
95% CIs of parameters based on 600 simulations are obtained by the model 
discussed in this paper and summarized in Table 5.1 and 5.2. 
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Table 5.1: Simulation study results based on CSALT for type-I censored 
Weibull failure data using GP with a = 0.80,/3 = 2.50,A = \.50,s = 4and t = 4 
n 
50 
100 
150 
200 
250 
Parameter 
a 
A 
P 
a 
X 
P 
a 
A 
P 
a 
X 
P 
a 
X 
P 
MLE 
0.846 
1.439 
2.534 
0.839 
1.446 
2.529 
0.810 
1.512 
2.511 
0.792 
1.520 
2.502 
0.784 
1.534 
2.498 
MSE 
0.0203 
0.0076 
0.0295 
0.0194 
0.0085 
0.0210 
0.0133 
0.0079 
0.0170 
0.0115 
0.0096 
0.0157 
0.0105 
0.0175 
0.0121 
RAB 
0.0575 
0.0407 
0.0136 
0.0488 
0.0360 
0.0116 
0.0125 
0.0080 
0.0044 
0.0100 
0.0133 
0.0008 
0.0200 
0.0227 
0.0008 
95 % CIS 
LCL 
0.5816 
1.3166 
2.2043 
0.5768 
1.2993 
2.2504 
0.5848 
1.3389 
2.2562 
0.5827 
1.3320 
2.2564 
0.5860 
1.2838 
2.2824 
UCL 
1.1104 
1.5614 
2.8637 
1.1012 
1.5927 
2.8076 
1.0352 
1.6851 
2.7658 
1.0013 
1.7080 
2.7476 
0.9820 
1.7842 
2.7136 
Table 5.2: Simulation study results based on CSALT 
Weibull failure data using GP with a = 0.80,^ 5 = 2.50, A 
for type-I censored 
= 1.50,5 = 4 a n d / = 6 
n 
50 
100 
150 
200 
250 
Parameter 
a 
X 
P 
a 
X 
P 
a 
X 
P 
a 
X 
P 
a 
X 
P 
MLE 
0.893 
1.594 
2.587 
0.889 
1.568 
2.542 
0.874 
1.502 
2.499 
0.832 
1.483 
2.474 
0.804 
1.492 
2.482 
MSE 
0.0225 
0.0130 
0.0237 
0.0204 
0.0113 
0.0201 
0.0313 
0.0083 
0.0204 
0.0178 
0.0054 
0.0199 
0.0087 
0.0122 
0.0231 
RAB 
0.1163 
0.0627 
0.0348 
0.1113 
0.0453 
0.0168 
0.0925 
0.0013 
0.0004 
0.0400 
0.0113 
0.0104 
0.0050 
0.0053 
0.0072 
95 % CIS 
LCL 
0.6619 
1.4669 
2.3383 
0.6699 
1.4076 
2.2769 
0.5592 
1.3234 
2.2191 
0.5779 
1.3430 
2.2024 
0.6212 
1.4799 
2.1860 
UCL 
1.1241 
1.7210 
2.8357 
1.1081 
1.7284 
2.8071 
1.1888 
1.6806 
2.7789 
1.0860 
1.6229 
2.7456 
0.9868 
1.7076 
2.7780 
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i ^ 
From the results in Table 5.1 and 5.2, it is easy to find that estimates of 
the parameter performed well. For fixed 9,a and A, the MSEs and the RABs 
of d,a and A decreases as «increases. This indicates that the ML estimates 
provide asymptotically normally distributed and consistent estimator for the 
parameters. For the fixed sample sizes, as the termination time t gets larger the 
MSEs and RABs of the estimators decrease. This is very usual because more 
failures are obtained due to large values of censored time and thus increase the 
efficiency of the estimators. Now it may be concluded that the present model 
work well under type-I censored data for Weibull distribution and would be a 
good choice to be considered in ALTs in future. 
5.4 ESTIMATION OF PARAMETERS WITH TYPE-II CENSORING 
5.4.1 Maximum Likelihood Estimation 
Let the test at each stress level is terminated after having r failures. 
Assume that x^ .(,,)(<«) failures at the k''' stress level are observed before the test 
is suspended and {n-r) units are still surviving at each stress level. 
Now the likelihood function for CSALT with Type-II censored Weibull 
failure data using GP at one of the stress level is given by 
Lkicc,e,2.): n\ 
{n-r)\ 
(,^yp 
^a J P'U <n'^^ ;=1 a exp a \ J 
Therefore, now the likelihood function for total s stress levels is 
n - r^ v^^  (n-r)\ K" J P' n (=1 u(,) 
U'x kin 
a 
exp< 
^A'x V^ k(r) 
a 
(5.6» 
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The log-likelihood function corresponding (5.6) takes the form 
/ = logI = X 
A=l 
log 
\{n-r)\ 
+ ( ^ - l ) Z logx,(„-
+ krli\Q^,?i-rp\Qga + r\ogP 
(,.^^f 
;=1 v«y 
MLEs of a,/? and X are obtained by solving the following normal equations 
- ^ + /?A*/'^ i 
or a 
/}+\ ^ ' 1 
V ' = l 
Xxf , . ,+(n- r ) (x , ( , , / = 0 
A=l 
krj3 kj3 
A X 
( X^\'^( r 
X^ J 
Z f^(;)+("-'-X i^(0)^  
V ' = l 
= 0 
^ r l o g ; i - r l o g « + —+ ^ log(x4(,)) 
^ 1=1 
r;^n^. 
v « y 
E (^w))^i 108(^ -^ (0) +log 
a*^  
- ( « - r ) 
;=1 v « / 
v « ; 
(Xi(,))^<^log(.r^(^)) + log ^ / ^ 
v « ; 
= 0 
The equations given above are nonlinear; therefore, it is very difficult to 
obtain a closed form solution. So, again Newton-Raphson method is used to 
solve these equations simultaneously to obtain a, p and X. 
5.4.2 Fisher Information Matrix 
The Fisher information matrix composed of the negative second partial 
derivatives of log likelihood function can be written as 
F^ 
d'l 
dXda 
d'l 
dadX 
dh 
dadp 
dAdp 
dpda dpdX dp^ 
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The elements of the Fisher information matrix are obtained as 
n 2 ; s 
^-/?(;9 + ] ) / ^ ^ ^ 4 , H^-r)(x,,.,V 
. ( = 1 
d^i ' 
dx' -I. -f->-' ^ / ^ ^ v « y Z f^(o+("-''X '^i(o)^  .'=1 
• ( « - ' • ) 
v « y 
Z (^-K0)^l'o8(^A(')) + 'og 
r^n 
(=1 v « y 
r,.^ /' 
v « y 
(^*(r))^ l0g(Xw,)) + l0g 
r i M 
v « y 
a^/ a^ ^ ^ 
dadA dAda A=l 
A:/?^ f ,k\ 
aX v « y 
^ f r 
Z ^Xo+^^-'^^^^i^))^ 
.'=1 
^. kpix'^'' 
X X [ a , Z (^A(/)) '^og(^A(/)) (=1 
(=1 
r o * ^ kfi f -^k\ 
ya J v « y 
^ o M 
log 
-in-r)~ 
{ ,k\ 
^ a , 
(^A(r)) l0g(^A(r)) 
• ( « - r ) ( x ^ , ^ ) ) 
^ o M /t/? f ,k\ 
^a J 
ya J 
p (.k\ 
v « y 
log A" 
v « y 
a^ / 
dadp 
^ / ^ 
v « y 
Z (^/c(/))^log(^A(,)) 
Z (^ w)' 
;=l 
/=1 
v « y v « y 
P r .k\ 
log A" 
v « y 
+ in-r) P 
( ,k\ 
a v « y 
(^/t(r)) l0g(^/l(r)) 
+ ( « - r ) ( X 4 ( , , ) ^ r^n ^ A * ^ 
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5.4.3 Asymptotic Confidence Intervals 
Now, the variance covariance matrix of parameters can be written as 
s = 
d'l 
8Xda 
d'l 
dadX 
d'l 
dadp 
dXdp 
d/3da dpdX d/i^ 
AVar{d) ACov{6cX) ACov{dfi) 
ACov(Ad) AVar(i) ACov{Xp) 
ACovipd) ACov{pi) AVar{p) 
The 100(1 -r)% asymptotic CIs for a,p and X are then given respectively by 
d±Z y ^[AVar{d) 
P±Z^_yjAVar{P) 
2 
and 
X±Z ^AVariX) 
5.4.4 Simulation Study 
For simulation study, first a random sample x^ ,, k = \,2,...,s, / = l,2,...,r is 
generated from Weibull distribution which is censored at/-= 25, 35. The values 
of the parameters and number of stress levels are chosen to be 
a = 0.80, /? = 2.50, /I = 1.50 and 5 = 4. For different sample sizes« = 50,lOQ...,250 
the MLEs, MSEs, RABs and lower and upper CI limits (LCL and UCL) for 
95% asymptotic CIs of parameters based on 600 simulations are obtained by 
the present model and summarized in Table 5.3 and 5.4. 
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Table 5.3: Simulation study results based on CSALT 
Weibull failure data using GP with « = 0.80,/? = 2.50, A 
for type-II censored 
= i.50,i=4and r = 25 
n 
50 
100 
150 
200 
250 
Parameter 
a 
A 
a 
A 
P 
a 
X 
P 
a 
X 
P 
a 
X 
P 
MLE 
0.856 
1.458 
2.545 
0.832 
1.462 
2.538 
0.814 
1.506 
2.519 
0.802 
1.514 
2.504 
0.791 
1.520 
2.488 
MSE 
0.0182 
0.0039 
0.0283 
0.0179 
0.0056 
0.0202 
0.0132 
0.0078 
0.0169 
0.0114 
0.0092 
0.0157 
0.0102 
0.0163 
0.0121 
RAB 
0.1782 
0.0582 
0.0687 
0.1742 
0.0615 
0.0580 
0.1442 
0.0594 
0.0522 
0.1338 
0.0653 
0.5010 
0.1278 
0.0881 
0.0440 
95 % CIs 
LCL 
0.4979 
1.2779 
2.0999 
0.4938 
1.3539 
2.2504 
0.5136 
1.2841 
2.1756 
0.7626 
1.2725 
2.1787 
0.5234 
1.4919 
2.1962 
UCL 
1.1941 
1.6001 
2.9680 
1.1842 
1.6391 
2.8957 
1.1064 
1.7399 
2.8464 
1.0675 
1.7675 
2.8253 
1.0446 
1.8634 
• 2.7818 
Table 5.4: Simulation study results based on CSALT for type-II censored 
Weibull failure data using GP with a = 0.80, /? = 2.50, A = i .50, ^^ = 4 and r = 3 5 
n 
50 
100 
150 
200 
250 
Parameter 
a 
X 
P 
a 
X 
P 
a 
X 
P 
a 
X 
P 
a 
X 
P 
MLE 
0.868 
1.574 
2.572 
0.858 
1.554 
2.554 
0.842 
1.542 
2.527 
0.826 
1.518 
2.510 
0.808 
1.498 
2.496 
MSE 
0.0139 
0.0042 
0.0161 
0.0125 
0.0067 
0.0183 
0.0258 
0.0083 
0.0204 
0.0168 
0.0051 
0.0192 
0.0087 
0.0121 
0.0228 
RAB 
0.1877 
0.0761 
0.0615 
0.1786 
0.0709 
0.0567 
0.2211 
0.0608 
0.0571 
0.1669 
0.0489 
0.0564 
0.0050 
0.0053 
0.0072 
95 % CIs 
LCL 
0.5888 
1.4268 
2.2596 
0.6005 
1.3568 
2.1929 
0.4596 
1.2669 
2.1305 
0.4976 
1.2988 
2.1165 
0.5634 
1.2082 
2.0924 
UCL 
1.1972 
1.7612 
2.9144 
1.1775 
1.7792 
2.8910 
1.2884 
1.7370 
2.8675 
1.1664 
1.6672 
2.8315 
1.0446 
1.7758 
2.8716 
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From the results in Table 5.3 and 5.4, it is easy to find that estimates of 
the parameter perform well. For fixed a,j3 and A, the MSEs and RABs of a,/3 
and A decreases as « increases. This indicates that the ML estimates provide 
asymptotically normally distributed and consistent estimator for the 
parameters. For the fixed sample sizes, as number of failures r gets larger the 
MSEs and RABs of the estimators decrease. This is very usual because more 
failures increase the efficiency of the estimators. From discussion and results it 
is concluded that the present model work well under type-II censored data for 
Weibull distribution and would be a good choice to be considered in the field 
of ALTs in future. 
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CHAPTER 6 
DISSCUSSION, CONCLUSIONS AND FUTURE DIRECTIONS 
The core objective of the chapter is aimed at critically analyzing and 
evaluating the overall thesis briefly. In the light of the results obtained in the 
thesis prominent and invaluable conclusions are presented. Some relevant and 
pertinent suggestions are also given for the future research which is tantamount 
to provide a pathway for future researchers in the field of ALT. 
Securing a reliable product before it is launched into the market is an 
important goal for companies active in new product development. In order to 
ensure reliable products, ALTs are widely used in industries. Good ALT plans 
can yield significant benefits to industry. This thesis mainly focuses on the 
ALT designs with different test schemes and failure data. Thus, we discussed 
three specific research issues in this thesis i.e. SSALT, PALT and ALT with 
use of GP. The results are presented in Chapter 2 to Chapter 5, respectively. 
In Chapter 2, optimal simple SSALT design which involves only two 
stress levels based on log-linear life stress relationship and CE model for Pareto 
distribution has been considered. The main objectives of this chapter is to 
develop simple SSALT plan which incorporates test data obtained under 
increased stress level for predicting mean time to failure under usage 
conditions and determine the optimal stress change time by minimizing the 
asymptotic variance of the MLE estimators. First, a statistical estimation 
procedure is presented to obtain the estimates of the model parameters from the 
data obtained from a SSALT. This methodology will be especially useful when 
intermittent inspection is the only feasible way of checking the status of test 
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units during a step stress test. Second, we have derived tlie optimum clioice for 
the stress change time which minimizes AV for the underlying distribution. 
This optimum design is particularly important at the designing stage of the test 
as it gives a guide to experimenters about when the intermittent inspection and 
the stress change should be carried out during the test. These questions provide 
the direction of future research in this area associated with the data obtained 
from SSALT, and to study the statistical analysis and the optimum design when 
the stress change time is random variable: such as the order statistics at the 
current stress levels and when only these order statistics are observed during 
testing. Using the order statistics of the data, we can construct the likelihood 
function and then get ML estimates and CIs of the concerned parameters at 
normal operating conditions. Optimum test can also be designed. One more 
approach in the direction of future research is to construct "Multiple Objective 
Model for SSALT Planning", hi general, the SSALT test design problems 
consider only one objective, which is to minimize the AV of the desired 
parameter at usual operating conditions. This objective is referred to the 
statistical precision of our estimate. It is the most commonly used criterion in 
the SSALT plarming. However, many industrialists may also want to minimize 
the cost for conducting the test, due to limited budget. The cost for a test 
usually consists of fixed cost and variable cost. For optimization problem, only 
variable cost needs to be considered. In the accelerated life test, variable costs 
include the facility cost, cost of test units, labors cost, etc. Thus this becomes a 
multiple objective problem: one is to minimize the AV of the estimate, and the 
other is to minimize the cost for conducting the test. 
Chapter 3 addresses the problem of CSPALT plan using type-I censoring 
assuming that the lifetimes of test item at use condition follow an Inverted 
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Weibull distribution is considered. In a CSPALT, a unit is subjected to a 
constant level of stress until failure occurs or the observation is censored. The 
optimization criterion used in this chapter is to minimize the generalized AV o{' 
the ML estimates of the model parameters. In the CSPALT the common test 
plans are usually standard plans which use equally-spaced test stresses, each 
with the same number of test units. The problem of optimal design is to 
determine the optimal numbers of test units that should be allocated to each 
stress level to estimate the life distribution accurately. The optimum test plan 
provides the most accurate estimate of the model parameters for a given test 
time and number of test units. Thus, the optimal design of the life tests can be 
considered as a technique to improve the quality of the inference. For the future 
perspective of further research in this direction one can choose some other 
lifetime distribution with different types of censoring schemes and may choose 
other optimization criterion. 
Chapter 4 and 5 deal with use of GP model in the analysis of CSALT plan 
for Pareto and Weibull distribution with complete, type-I and type-II censored 
data. The proposed geometric model method has several innovative and unique 
features when compared to the existing methods. It is an intuitive and natural 
approach to study the accelerated life data which has a decreasing trend over 
increasing stress levels. The GP has been applied in maintenance problems 
with similar trend, where the survival times of the system are decreasing while 
the repair times of the system after failure are increasing. The inference made 
from the GP model applies directly to the parameter of life distribution under 
normal condition, without any form of transformation. Also, the assumption of 
GP model can be easily fulfilled. In short, it is reasonable to say that the use GP 
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in ALT is a natural approach to get the estimates of parameters directly and 
would be a good choice to be considered in the field of ALTs in future. 
The future research may be extended for the GP model into ALTg for 
different life distributions. Introducing the GP model into ALT with other test 
plans or censoring techniques is another object of the future research. Recently, 
an increasing number of researches focus on the life tests with step-stress plans. 
The advantage of step-stress test is that increasing the level of stress during the 
test will quickly yield failures and provide life information in a short time. It 
can be inferred that the step-stress plan results in more complexity of the 
likelihood and Fisher information matrix, especially when the number of stress 
levels is large. The GP model might be a better choice as a reason of its simple 
nature, since it doesn't require a log-linear function of life and stress to re-
parameterize the original parameter. 
86 
REFERENCES 
[I] Nelson, W. (1980): Accelerated life testing: Step-stress models and data 
analysis, IEEE Transactions on Reliability, Vol. 29, No.2, pp. 103-108. 
[2] Nelson, W. (1990): Accelerated Testing: Statistical models test plans and 
data analyses, John Wiley & Sons, Inc., New York. 
[3] Viertle, R. (1988): Statistical methods in accelerated life testing, 
Vandenhoeck and Ruprecht, Gottingen, Germany. 
[4] Mann, N. R., Schafer, R. E., and Singpurwalla, N. D. (1974): Methods for 
statistical analysis of reliability and life data, John Wiley & Sons. Inc., 
New York. 
[5] Davis, D. J. (1952): An analysis of some failure data, Journal of the 
American Statistical Association, Vol. 47, No. 258, pp. 113-150. 
[6] Kalbfleisch, J. D., Prentice, R. L. (1980): The statistical analysis of failure 
data, John Wiley & Sons, Inc., New York. 
[7] Cox, D. R., and Oakes, D. (1984): Analysis of survival data, Chapman & 
Hall, London. 
[8] Kececioglu, D. (1993): Reliability & life testing handbook, Vol. 1. 
Prentice Hall, Inc., Englewood Cliffs, New Jersey. 
[9] Lawless, J. F. (1982): Statistical models and methods for lifetime data. 
John Wiley & Sons, Inc., New York. 
[10] Meeker, W. Q., and Escobar, L. A. (1998): Statistical Methods for 
Reliability Data, John Wiley & Sons, Inc., New York. 
[II] Meeker, W. Q., and Hahn, G. J. (1985), How to plan accelerated life tests: 
some practical guidelines. The ASQC basic references in quality control: 
87 
References 
Statistical techniques, Vol. 10, American Society for Quality Control, 310 
W. Wisconsin Ave., Milwaukee, WI 53203. 
[12] Nelson, W. (1982): Applied life data analysis, John Wiley & Sons, Inc., 
New York. 
[13] ReliaSoft, Corp. (2000): Life data analysis reference, ReliaSoft 
Publishing, Tucson, Arizona. 
[14] Bagdonavicius, V. and Nikulin, M. (2002): Accelerated life models: 
modeling and statistical analysis, Chapman &. Hall, Boca Raton, Florida. 
[15] Lawless, J. F. (1976): Confidence interval estimation in the inverse power 
law model. Journal of the Royal Statistical Society: Series C, Vol. 25, No. 
2, pp. 128-138. 
[16] McCool, J. L (1980): Confidence limits for Weibull regression with 
censored data, IEEE Trans, on Reliability, Vol. 29, No. 2, pp. 145-150. 
[17] Bai, D. S. and Chung, S. W. (1989): An accelerated life test model with 
the inverse power law. Reliability Engineering and System Safety, Vol. 
24, No. 3, pp. 223-230. 
[18] Bugaighis, M. M. (1990): Properties of the MLE for parameters of a 
Weibull regression model under type I censoring, IEEE Transactions on 
Reliability, Vol. 39, No. 1, pp. 102-105. 
[19] Watkins, A. J. (1991): On the analysis of accelerated life-testing 
experiments, IEEE Trans, on Reliability, Vol. 40, No. 1, pp. 98-101. 
[20] Watkins, A. J. and John, A. M. (2008): On constant stress accelerated life 
tests terminated by Type-II censoring at one of the stress levels. Journal of 
Statistical Planning and Inference, Vol. 138, No. 3, pp. 768-786. 
[21] Abdel-Ghaly, A. A., Attia, A. F. and Aly, H. M. (1998): Estimation of the 
parameters of Pareto distribution and the reliability function using 
Reference s 
accelerated life testing with censoring, Communications in Statistics Part 
B, Vol. 27, No. 2, pp. 469-484. 
[22] Fan, T. H. and Yu, C. H. (2012): Statistical inference on constant stress 
accelerated life tests under generalized gamma lifetime distributions. 
Quality and Reliability Engineering International, Vol. 29, No. 5, pp. 631-
638. 
[23] Meeker, W. Q., Escobar, L. A. and Lu, C. J. (1998): Accelerated 
degradation tests: modeling and analysis, Technometrics, Vol. 40, No. 2, 
pp. 89-99. 
[24] Nelson, W. and Kielpinski, T. J. (1976): Theory for optimum censored 
accelerated life tests for normal and lognormal life distributions, 
Technometrics, Vol. 18, No. 1, pp. 105-114. 
[25] Yang, G. B. (1994): Optimum constant-stress accelerated life test plans. 
IEEE Transactions on Reliability, Vol. 43, No. 4, pp. 575-581. 
[26] Ding, C , Yang, C. and Tse, S. K. (2010): Accelerated life test sampling 
plans for the Weibull distribution under type-I progressive interval 
censoring with random removals. Journal of Statistical Computation and 
Simulation, Vol. 80, No. 8, pp. 903-914. 
[27] Attia, A. F., Aly, H. M., and Bleed, S. O. (2011): Estimating and planning 
accelerated life test using constant stress for generalized logistic 
distribution under type-I censoring, ISRN Applied Mathematics. Vol. 
2011, pp. 1-15. 
[28] Ahmad, N. Islam, A., Kumar, R. and Tuteja, R. K. (1994): Optimal design 
of accelerated life test plans under periodic inspection and type-1 
Censoring: The case of Rayleigh failure law. South African Statistical 
Journal, Vol. 28, pp. 27-35. 
89 
References 
[29] Islam, A. and Ahmad, N. (1994): Optimal design of accelerated life tests 
for the WeibuU distribution under periodic inspection and type-I 
censoring, Microelectronics Reliability, Vol. 34, No. 9, pp. 1459-1468. 
[30] Ahmad, N. and Islam, A. (1996): Optimal accelerated life test designs for 
Burr type XII distributions under periodic inspection and type-I censoring, 
Naval Research Logistics, Vol. 43, No. 8, pp. 1049-1077. 
[31] Ahmad, N., Islam, A. and Salam, A. (2006): Analysis of optimal 
accelerated life test plans for periodic inspection: The case of 
exponentiated Weibull failure model. International Journal of Quality & 
Reliability Management, Vol. 23, No. 8, pp. 1019-1046. 
[32] Ahmad, N. (2010): Designing accelerated life tests for generalized 
exponential distribution with log-linear model. International Journal of 
Reliability and Safety, Vol. 4, No. 2, pp. 238-264. 
[33] Chen, W., Gao, L., Liu, J., Qian, P. and Pan, J. (2012): Optimal design of 
multiple stress constant accelerated life test plan on non-rectangle test 
region, Chinese Journal of Mechanical Engineering, Vol. 25, No. 6,. pp 
1231-1237. 
[34] Al-Hussaini, E. K. and Abdel-Hamid, A. H. (2006): Accelerated life tests 
under finite mixture models. Journal of Statistical Computation and 
Simulation, Vol. 76, No. 8, pp. 673-690. 
[35] Huang, S. (2011): Statistical inference in accelerated life testing with 
geometric process model. Master's thesis, San Diego State University. 
[36] Kamal, M., Zarrin, S., Saxena, S. and Islam, A. (2012): Weibull 
geometric process model for the analysis of accelerated life testing with 
complete data, International Journal of Statistics and Applications, Vol. 
2, No. 5, 60-66. 
90 
References 
[37] Zhou. K.. Shi, Y. M. and Sun, T. Y. (2012): Reliability analysis for 
accelerated life-test with progressive hybrid censored data using 
geometric process, Journal of Physical Sciences, Vol. 16, 133-143. 
[38] Kamal, M., Zarrin, S. and Islam, A. (2013a): Accelerated life testing 
design using geometric process for Pareto distribution, International 
Journal of Advanced Statistics and Probability, Vol. 1, No. 2, pp. 25-31. 
[39] Kamal, M. and Zarrin, S. (2013b): Design of accelerated life testing using 
geometric process for Pareto distribution with type-I censoring. Accepted 
for publication in "Journal of Global Research in Mathematical 
Archives", Vol. l,No. 8. 
[40] Kamal, M., Zarrin, S. and Islam, A. (2013c): Design of accelerated life 
testing using geometric process for type-II censored Pareto failure data. 
Accepted for publication in "International Journal of Mathematical 
Modelling & Computations", Vol. 3, No 4. 
[41] Kamal, M. (2013d): Application of geometric process in accelerated life 
testing analysis with type-I Weibull censored data. Reliability: Theory & 
Applications, Vol. 8, No. 3, pp. 87-96. 
[42] Kamal, M. (2013e): Estimation of Weibull parameters in accelerated life 
testing using Geometric Process with type-II censored data. International 
Journal of Engineering Sciences & Research Technology, Vol. 2, No. 9. 
pp. 2340-2347. 
[43] DeGroot, M. H. and Goel, P. K. (1979): Bayesian estimation and optimal 
design in partially accelerated life testing. Naval Research Logistics 
Quarterly, Vol. 26, No. 2, pp. 223-235. 
[44] Sedyakin, N. M. (1966): On one physical principle in reliability theory (in 
Russian), Technical Cybernetics, Vol. 3, pp. 80-87. 
91 
References 
[45] Bagdonavicius, V. (1979): A statistical test of a model of additive 
accumulation of damage, Theory of Probability & Its Applications, Vol. 
23, No. 2, pp. 385-390. 
[46] Miller, R. and Nelson, W. B. (1983): Optimum simple step-stress plans 
for accelerated life testing, IEEE Transactions on Reliability, Vol. 32, No. 
1, pp. 59-65. 
[47] Bai, D. S., Kim, M. and Lee, S. (1989): Optimum simple step-stress 
accelerated life tests with censoring, IEEE Transactions on Reliability, 
Vol. 38, No. 5, pp. 528-532. 
[48] Bhattacharyya, G. K. and Soejoeti, Z. (1989): A tampered failure rate 
model for step-stress accelerated life test. Communications in Statistics: 
Theory and Methods, Vol. 18, No. 5, pp. 1627-1643. 
[49] Madi, M. T. (1993): Multiple step-stress accelerated life test: the 
tampered failure rate model. Communications in Statistics-Theory and 
Methods, Vol. 22, No. 9, pp. 295-306. 
[50] Khamis, I. and Higgins, J. (1998): A new model for step-stress testing, 
IEEE Transactions on Reliability, Vol. 47, No. 2, pp. 131-134. 
[51] Kateri, M. and Balakrishnan, N. (2008): Inference for a simple step-stress 
model with Type-II censoring and Weibull distributed lifetimes, IEEE 
Transactions on Reliability, Vol. 57, No. 4, pp. 616-626. 
[52] Alhadeed, A. A. and Yang, S. S. (2002): Optimal simple step-stress plan 
for Khamis-Higgins model, IEEE Transactions on Reliability, Vol. 51, 
No. 2, pp. 212-215. 
[53] Alhadeed, A. and Yang, S. S. (2005): Optimal simple step-stress plan for 
cumulative exposure model using log-normal distribution, IEEE 
Transactions on Reliability, Vol. 54, No. 1, pp. 64-68. 
92 
References 
[54] Xiong, C. (1998): Inferences on a simple step-stress model with type-ll 
censored exponential data, IEEE Transactions on Reliability, Vol. 47, No. 
2, pp. 142-146. 
[55] Xiong, C. and Milliken, G. A. (2002): Prediction for exponential lifetimes 
based on steps tress testing, Communications in Statistics-Simulation and 
Computation, Vol. 31, No. 4, pp. 539-556. 
[56] Watkins, A. J. (2001): Commentary: inference in simple step-stress 
models, IEEE Transactions on Reliability, Vol. 50, No. 1, 36-37. 
[57] Gouno, E. and Balakrishnan, N. (2001): Step-stress accelerated life test, 
In Hand Book of Statistics: Advances in Reliability, 20, 623-639, North-
Holland, Amsterdam. 
[58] Gouno, E., Sen, A. and Balakrishnan, N. (2004): Optimal step-stress test 
under progressive type-I censoring, IEEE Transactions on Reliability, 
Vol. 53, No. 3, pp. 388-393. 
[59] Balakrishnan, N. and Han, D. (2009): Optimal step-stress testing for 
progressively type-I censored data from exponential distribution. Journal 
of Statistical Planning and Inference, Vol. 139, No. 5, pp. 1782-1798. 
[60] Xiong, C. and Ji, M. (2004): Analysis of grouped and censored data from 
step-stress life test, IEEE Transactions on ReUability, Vol. 53, No. 1, pp. 
22-28. 
[61] Xiong, C, Zhu, K. and Ji, M. (2006): Analysis of a simple step-stress life 
test with a random stress-change time, IEEE Transactions on Reliability, 
Vol. 55, No. 1, pp. 67-74. 
[62] Balakrishnan, N. (2009): A synthesis of exact inferential results for 
exponential step-stress models and associated optimal accelerated life-
tests, Metrika, Vol. 69, No. 2-3, pp. 351-396. 
93 
References 
[63] Tang, L. C. (2003): Multiple steps step-stress accelerated tests, In Hand 
Book of Reliability Engineering, pp. 441-455, Springer-Verlag, New 
York. 
[64] Balakrishnan, N., Kundu, D., Ng H. K.T. and Kannan, N. (2007): Point 
and interval estimation for a simple step-stress model with type-II 
censoring. Journal of Quality Technology, Vol. 39, No. 1, pp. 35-47. 
[65] Balakrishnan, N., Xie, Q. and Kundu, D. (2009): Exact inference for a 
simple step-stress model from the exponential distribution under time 
constraint, Annals of the institute of Statistical Mathematics, Vol. 61, No. 
1, pp. 251-274. 
[66] Balakrishnan, N. and Xie, Q. (2007): Exact inference for a simple step-
stress model with type-II hybrid censored data from the exponential 
distribution, Journal of Statistical Planning and Inference, Vo. 137, No. 8, 
pp. 2543-2563. 
[67] Al-Masri, A.Q. and Al-Haj Ebrahem, M. (2009): Optimum times for step-
stress cumulative exposure model using log-logistic distribution with 
known scale parameter, Austrian Journal of Statistics, Vol. 38, No. 1, pp. 
59-66. 
[68] Hassan, A. S. and Al-Ghamdi, A. S. (2009): optimum step stress 
accelerated life testing for Lomax distribution, Journal of Applied 
Sciences Research, Vol. 5, No. 12, pp. 2153-2164. 
[69] Zarrin, S., Saxena, S. and Islam, A. (2010): Step-stress accelerated life 
testing for exponentiated WeibuU distribution. Safety and Reliability 
Society Journal, Vol. 30, No.3, pp. 5-13. 
[70] Saxena, S., Zarrin, S., Kamal, M. and Islam, A. (2011): Optimum step-
stress accelerated life testing for power function distribution. Safety and 
Reliability Society Journal, Vol. 32, No.2, pp. 4-16. 
94 
References 
[71] Saxena, S., Zarrin, S., Kamal, M. and Islam, A. (2012): Optimum step-
stress accelerated life testing for Rayleigh distribution, International 
Journal of Statistics and Applications. Vol. 2, No. 6, pp. 120-125. 
[72] Xu, H.Y. and Fei, H. (2012): Models comparison for step-stress 
accelerated life testing. Communications in Statistics-Theory and 
Methods, Vol. 41, No. 21, pp. 3878-3887. 
[73] Kamal, M., Zarrin, S. and Islam, A. (2013f): Step stress accelerated life 
testing plan for two parameter Pareto distribution. Reliability: Theory and 
Applications, Vol. 8, No. 1, pp 30-40. 
[74] Prot, E. M. (1952): Fatigue testing under progressive loading; A new 
technique for testing materials, Revue de Metallurgie, Vol. XfV, pp. 481-
489, 1948, (in French). Translation: in WADCTR-52-148. 
[75] Solomon, P., Klein, N. and Albert, M. (1976): A statistical model for step 
and ramp voltage breakdown tests in thin insulators, Thin Solid Films. 
Vol. 35, No. 3, pp. 321-326. 
[76] Starr, W. T. and Endicott, H. S. (1961): Progressive stress: a new 
accelerated approach to voltage endurance. Power Apparatus and 
Systems, Vol. 80, No. 3, pp. 515-522. 
[77] Yin, X. K. and Sheng, B. Z. (1987): Some aspects of accelerated life 
testing by progressive stress, IEEE Transactions on Reliability, Vol. 36. 
No. l,pp. 150-155. 
[78] Bai, D.S., Cha, M.S., Chung, S.W., (1992): Optimum simple ramp-tests 
for the Weibull distribution and type-I censoring, IEEE Transactions on 
Reliability, Vol. 41, No. 3, pp. 407-413. 
[79] Bai, D. S. and Chun, Y. R. (1993): Non-parametric inferences for ramp-
stress test under random censoring. Reliability Engineering and System 
Safety, Vol. 41, No. 3, pp. 217-223. 
95 
References 
[80] Srivastava, P.W. and Shukla, R. (2009): Optimum simple ramp test for the 
log logistic distribution with censoring, Journal of Risk and Reliability, 
Vol. 223, No. 4, pp. 373-379. 
[81] Hong, Y., Ma, H. and Meeker, W. Q. (2010): A tool for evaluating time 
varying stress accelerated life test plans with log-location-scale 
distributions, IEEE Trans, on Reliability, Vol. 59, No. 4, pp. 620-627. 
[82] Bai, D. S., Chun, Y. R. and Cha, M. S. (1997): Time-censored ramp tests 
with stress bound for Weibull life distribution, IEEE Transactions on 
Reliability, Vol. 46, No. 1, pp. 99-107. 
[83] Wang, R., and Fei, H. (2004): Statistical inference of Weibull distribution 
for tampered failure rate model in progressive stress accelerated life 
testing, Journal of Systems Science and Complexity, Vol. 17, No. 2, pp. 
237-243. 
[84] Abdel-Hamid, A. H., and AL-Hussaini, E. K. (2007): Progressive stress 
accelerated life tests under finite mixture models, Metrika, Vol. 66, No. 2, 
pp. 213-231. 
[85] Srivastava, P.W. and Jain, N. (2011): Optimum ramp-stress accelerated 
life test for m identical repairable systems. Applied Mathematical 
Modeling, Vol. 35, No. 12, pp. 5786-5793. 
[86] Srivastava, P.W. and Mittal, N. (2012a): Optimum multi-objective ramp-
stress accelerated life test with stress upper bound for burr type-XII 
distribution, IEEE Trans, on Reliability, Vol. 61, No. 4, pp. 1030-1038. 
[87] Srivastava, P. W. and Mittal, N. (2012b): Optimum multi-level ramp-
stress ALT plan with multiple-objectives for burr type-XII distribution 
under type-I censoring. International Journal of Reliability, Quality and 
Safety Engineering, Vol. 19, No. 2, pp. 17. 
96 
References 
[88] Bai, D. S. and Chung, S. W. (1992): Optimal Design of Partially 
Accelerated Life Tests for the Exponential Distribution under Type-I 
Censoring, IEEE Transactions on Reliability, Vol. 41, No. 3, pp 400-406. 
[89] Abdel-Ghaly, A. A., Amin, Z. H., and Omar, D. A. (2008): Estimation of 
the Burr-XII distribution for partially accelerated life tests using censored 
data. Model Assisted Statistics and Applications, Vol. 3, No. 4, pp. 317-
334. 
[90] Abdel-Hamid, A. H. (2009): Constant-partially accelerated life tests for 
Burr type-XII distribution with progressive type-II censoring, 
Computational Statistics & Data Analysis, Vol. 53, No. 7, pp. 2511-2523. 
[91] Ismail, A. A. (2009): Optimum constant-stress partially accelerated life 
test plans with type-II censoring: The case of Weibull failure distribution, 
International Journal of Statistics & Economics, Vol. 3, No. S09, pp 39-
46. 
[92] Cheng, Y. F. and Wang, F. K. (2012): Estimating the Burr-XII parameters 
in constant-stress partially accelerated life tests under multiple censored 
data, Communications in Statistics: Simulation and Computation, Vol. 41. 
No. 9, pp. 1711-1727. 
[93] Zarrin, S., Kamal, M., Saxena, S. (2012): Estimation in constant stress 
partially accelerated life tests for Rayleigh distribution using type-1 
censoring, Reliability: Theory & Applications, Vol. 7, No. 4, pp. 41-52. 
[94] Kamal, M., Zarrin, S. and Islam, A. (2013g): Constant stress partially 
accelerated life test design for inverted Weibull distribution with type-I 
censoring, Algorithms Research, Vol. 2, No. 2, pp. 43-49. 
[95] Goel, P.K. (1971): Some Estimation problems in the study of Tampered 
Random Variables, Ph.D. Thesis Department of Statistics, Carnegie-
Mellon University, Pittsburgh, Pennsylvania. 
97 
References 
[96] Attia, A. F., Abel-Ghaly, A. A. and Abel-Ghani, M. M. (1996): The 
estimation problem of partially accelerated life tests for Weibull 
distribution by maximum likelihood method with censored data, 31*' 
Annual Conference of Statistics, Computer Sciences and Operation 
Research, Cairo University, pp. 128-138. 
[97] Abdel-Ghaly, A. A., Attia, A. F. and Abdel-Ghani, M. M. (1997): the 
Bayesian estimation of Weibull parameters in step partially accelerated 
life tests with censored data, 32 '^ Annual Conference of Statistics, 
Computer Sciences and Operation Research, Cairo University, pp. 45-59. 
[98] Abdel-Ghani, M. M. (1998): hivestigations of some lifetime models under 
partially accelerated life tests, Ph.D. Thesis, Department of Statistics, 
Faculty of Economics and Political Science, Cairo University, Egypt. 
[99] Abdel-Ghaly, A. A., Attia, A. F. and Abdel-Ghani, M. M. (2002a): The 
maximum likelihood estimates in step partially accelerated life tests for 
the Weibull parameters in censored data, Communication in Statistics: 
Theory and Methods, Vol. 31, No. 4, pp. 551-573. 
[100] Abdel-Ghaly, A. A., El-Khodaiy, E. H. and Ismail, A. A. (2002b): 
Maximum likelihood estimation and optimal design in step-stress partially 
accelerated life tests for the Pareto distribution with type-I censoring. 
Proceeding of the 14*' Annual Conference on Statistics and Computer 
Modeling in Human and Social Sciences, Faculty of Economics and 
Political Science, Cairo University, pp. 16-29. 
[101] Abdel-Ghaly, A. A., El-Khodary, E. H. and Ismail, A. A. (2003): 
Estimation and optimal design in step partially accelerated life tests for 
the compound Pareto distribution using type-II Censoring, 15*' Annual 
Conference on Statistics and Computer Modeling in Human and Social 
Sciences, Cairo University, pp. 35-47. 
References 
[102] Abdel-Ghani, M. M. (2004): The estimation problem of the log logistic 
parameters in step partially accelerated life tests using type-I censored 
data, The National Review of Social Sciences, Vol. 41, No. 2, pp. 1-19. 
[103] Ismail, A. A. (2004): The test design and parameter estimation of Pareto 
lifetime distribution under partially accelerated life tests, Ph.D. Thesis. 
Department of Statistics, Faculty of Economics and Political Science, 
Cairo University, Egypt. 
[104] Ismail, A. A. (2006): On the optimal design of step-stress partially 
accelerated life tests for the Gompertz distribution with type-I censoring, 
InterStat, http:/interstat.stat.vt.edu/interstat/Articles/No2006.pdf 
[105] Abd-Elfattah, A. M., Soliman, A. H. and Nassr, S. G. (2008): Estimation in 
step-stress partially accelerated life tests for the Burr-XII distribution 
Using type-I censoring. Statistical Methodology, Vol. 5, No. 6, pp. 502-
514. 
[106] Ismail, A. A. (2012): Estimating the parameters of Weibull distribution 
and the acceleration factor from hybrid partially accelerated life test, 
Applied Mathematical Modelling, Vol. 36, No. 7, pp. 2920-2925. 
[107] Bakoban, R. A. (2012): Estimation in step- stress partially accelerated life 
tests for the generalized inverted exponential distribution using type-1 
Censoring, American Journal of Scientific Research, Vol. 83, pp.25-35. 
[108] Ismail, A. A. and Aly, H. M. (2010): Optimal planning of failure-step 
stress partially accelerated life tests under type-II censoring, Journal of 
Statistical Computation and Simulation, Vol. 80, No. 12, pp. 1335-1348. 
[109] Srivastava, P. W. and Mittal, N. (2010): Optimum step-stress partially 
accelerated life tests for the truncated logistic distribution with censoring. 
Applied Mathematical Modelling, Vol. 34, No.lO, pp. 3166-3178. 
99 
References 
[110] Pareto, V. (1897): Cours d'Economie Politique, 2. F. Rouge, Lausanne, 
Switzerland. 
[Ill] Bai, D. S., Chung, S. W. and Chun, Y. R. (1993): Optimal design of 
partially accelerated life tests for the lognormal distribution under type-I 
censoring, Reliability Engineering and System Safety, Vol. 40, No. 1, pp. 
85-92. 
[112] Lam, Y. (1988): Geometric process and replacement problem. Acta 
Mathematicae Applicatae Sinica, Vol. 4, No. 4, pp. 366-377. 
[113] Lam, Y. and Zhang, Y. L. (1996): Analysis of a two-component series 
system with a geometric process model, Naval Research Logistics, Vol. 
43,No. 4, pp. 491-502. 
[114] Lam, Y. (2005): A monotone process maintenance model for a multistate 
system. Journal of Applied Probability, Vol. 42, No. 1, pp. 1-14. 
[115] Zhang, Y. L. (2008): A geometrical process repair model for a repairable 
system with delayed repair, Computers and Mathematics with 
Applications, Vol. 55, No. 8, pp. 1629-1643. 
[116] Braun, W.J., Li, W. and Zhao, Y.Q. (2005). Properties of the geometric 
and related processes, Naval Research Logistics, Vol. 52, No. 7, pp. 607-
616. 
100 
